Chapter 9
Weather models old and 'new'
Vilhelm Bjerknes in his seminal paper* put forward the view that "If it is true, as every
scientist believes, that subsequent atmospheric states develop from the preceding ones
according to physical law, then it is apparent that the necessary and sufficient conditions for
the rational solution of forecasting problems are the following: 1) a sufficiently accurate
knowledge of the state of the atmosphere at the initial time, 2) A sufficiently accurate
knowledge of the laws according to which one state of the atmosphere develops from
another."
In order to fully appreciate the complexity of what Bjerknes proposed we need to go back to
the philosophy that underlies our desire to create models of physical phenomena. We need
also to consider how we use these models to direct us towards a mathematical encapsulation
of what we observe and to see how we set about the solution of these equations as we attempt
to predict how the physical system might change for a given set of parameters. It is not easy.
Since we are all agreed that the atmosphere is a fluid we can probably start with the steady
flow of a non-viscous fluid, where we consider continuity and the conservation of
momentum** which in two spatial dimensions gives us
∂( ρu) ∂( ρv)
+
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Now if the fluid is incompressible and if the flow is one-dimensional in the x-direction then
we have the Bernoulli equation
∂u
∂p
ρu
=−
∂x
∂x
Many use this equation to account for lift in an aerofoil (aircraft wing), but there are some
who argue strenuously that this is an erroneous deduction. They might contend that the
motion of air past a curved wing is not 'steady state' on either the top-side or the under-side.
Certainly, the air cannot really be considered as incompressible if we think of the instant by
instant conditions that exist within a packet of air as an aerofoil passes through it. So maybe
the opponents are justified in their assertion that Bernoulli's equation does not apply here.
For the purposes of this discussion the controversy serves to show how a simple equation can
generate so much hot air and is an example of the pit-falls which are latent in any attempt to
develop a model.

*

Vilhelm Bjerknes “Das Problem von der Wettervorhersage, betrachtet vom Standpunkt der Mechanik und der
Physik,” Meteor Zeit 21 (1904) 1–7
**
continuity means that matter cannot be created or disappear spontaneously. Conservation of momentum
means that the (speed)×(mass) is a constant
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If we consider a parcel of air at a particular pressure in a non-turbulent meteorological
atmosphere then it is probably safe to conclude that the changes in density will be sufficiently
small to allow us to use a simple form of the above equations. However, we must include the
fact that things change with time and there is also the influence of gravity. So, all of this can
be expressed by Euler's equations in a form that takes account of all three spatial dimensions
and time.
∂V
1
+ V ⋅ ∇V + ∇p = g (conservation of momentum)
∇ ⋅ V = 0 (continuity) and
∂t
ρ
The use of bold characters implies that we are dealing with vectors
The Navier-Stokes equation, one of the foundation stones of fluid mechanics, starts with
Euler's conservation of momentum and adds the contributions due to the viscosity of the fluid

∂V
1
+ V ⋅ ∇V + ∇p = g + ν∇ 2 V
∂t
ρ
A major problem with any of these equations is the fact that although they may do an
excellent job in describing physical observations such as fluid-flow, vortices etc they can be
extremely difficult to solve particularly for realistic conditions.
Let me try to explain this point by using the equations for a very much simpler problem. Let
us imagine that we have a very long communications cable which is connected to ground at
one end. At a certain instant in time a 100V battery is connected between the other end and
ground. We are interested to find out how the voltage distribution V(x) along the cable
changes as a function of time. This one dimensional problem is expressed as
∂ 2V
∂ 2V
∂V
=
a
+b
(a, b are electrical properties of the cable)
2
2
∂x
∂t
∂t
It is called the Telegraphers' equation
When the 100V battery is switched into the cable, one observes electrical fluctuations which
are called transients and they are well described by the above equation. Eventually, when
these transients have died down all dependence on time disappears from the Telegraphers'
Equation and we are left with something that is very simple and yet very beautiful
∂ 2V
= 0 which is called the Laplace equation
∂x 2
In order to obtain a solution of this equation, so that we can get V(x) we need to know what
the boundary conditions are. We need to know that at x = 0, V = 0 and that x = L (the length
of the cable V = 100V. This is simple in one-dimension, but it becomes much more difficult
in two- and three-dimensions. And how about trying to simulate a perfectly reasonable
Laplace equation problem: estimate the electric fields above a city during a thunder storm?
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The fact is that even in two-dimensions this problem cannot be solved analytically, i.e. using
conventional mathematical techniques.
Given the difficulties with a system as simple as this it is fortunate that the daunting problem
of the solution complexities that faced theoretical meteorologists such as Vilhelm Bjerknes
did not prevent him and those who followed him from at least trying to formulate the
problem mathematically.
Because the atmosphere is located above a large moving sphere we have to include the
Coriolis effect. So we now have as a governing equation for atmospheric motion

∂V
1
+ V ⋅ ∇V + ∇p + 2Ω × V = g + ν∇ 2 V
∂t
ρ
This is just the beginning and expresses how the atmosphere responds to the physical forces
acting upon it. We have yet to think of the other factor. Since it is a gas we have to apply the
gas laws. It is conventional to apply the Boyle/Charles law, but maybe, since it is a non-ideal
gas, should we not be applying the van der Waals equation? We have conservation of mass
both of the air and any water that it contains. We have the latent heat for the liquid-gas as
well as for the liquid-solid transformations. We have insolation (the effect of sunshine) both
on land and on the oceans. We have radiation from the ground and the absorbing effects of
clouds. And finally we have the thermodynamic effects of temperature changes due to
compression and rarefaction of the atmosphere. So, at this stage we have air velocities in six
possible spatial directions as well as four other variables: density, pressure temperature and
heat content.
Numerical solutions of equations
This is the point where one might be tempted to tear one's hair out, throw it all in the air, and
watch it blow away. However, there is a way out. Equations can be solved numerically, but
it can take an enormous amount of computational effort and much has only become possible
since the advent of digital computers.
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Let us return to our school days and consider what was perhaps our introduction to
differential calculus. Start with a function y = f(x). We then look at the function when x
changes by a small amount, Δx. This leads us to f(x+Δx). We then look at the slope
Δy f (x + Δx) − f (x)
=
Δx
Δx

Since it was not possible to handle these without the aid of a computer, people like Newton
decided to consider what happened in the limit as Δx → 0.

⎡ f (x + Δx) − f (x) ⎤ dy
lim ⎢
⎥⎦ = dx
Δx→0 ⎣
Δx
And calculus, as we know it, was born and has remained to haunt generations of pupils who
think that this wonderful mathematical edifice is fundamentally difficult, which it is not.
However, had the computing facilities which we have today been available to Newton and
Leibniz it is likely that students would have to find something else to blame.
One of the problems facing anyone who might like to avoid conventional calculus is pretty
fundamental "if Δx is not infinitesimal, then how big/small should it be?" There are other
problems because we might say [f(x+Δ x) - f(x)]/Δ x is not the slope at position x, but at
position x+Δx/2. Is it the same as, or different from [f(x) - f(x-Δx)]/Δx, the slope at position
x-Δx/2? Of course, we could take a central difference [f(x+Δx) - f(x-Δx)]/2Δx which would
be the slope at x.
If we extend these ideas to the second derivative we get a beautiful result

d 2 y f (x + Δx) + f (x − Δx) − 2 f (x)
=
dx 2
Δx 2
So that the Laplace equation mentioned above becomes

∂ 2V
f (x + Δx) + f (x − Δx) − 2 f (x)
= 0 can be approximated by
=0
2
∂x
Δx 2
or

f (x) =

f (x + Δx) + f (x − Δx)
2

This means that if the Laplace equation applies in one-dimension then every point is the
average of the two points around it. This idea can be extended into two and three
dimensions, so that if Δx = Δy = Δz then the potential in a three dimensional problem such as
modelling the atmosphere in a thunder-storm reduces to every point being the average of the
six nearest neighbours. And the method really does deliver meaningful results!
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Let us see how we might apply this in a simple problem

We want to know what the values of A, B and C should be and we will use the 'Relaxation
Method' whereby we keep calculating the new value of A as the average of 100 and the old
value of B. The new value of B is the average of the just-calculated value of A and the old
value of C. Finally, the new value of C is one half of the just calculated value of B. We keep
repeating this process until A, B and C converge to constant values as shown below. The true
values are shown in bold at the bottom of the table
Iteration No
0
1
2
3
4
5
6
7
8
9
10
11
12
13

True Values

Terminal
100
50
100
100
100
100
100
100
100
100
100
100
100
100
100

A
?
25
56.25
65.62
70.31
72.65
73.82
74.41
74.70
74.85
74.92
74.96
74.98
74.99
75

B
?
12.5
31.25
40.62
45.31
47.65
48.82
49.41
49.70
49.85
49.92
49.96
49.98
49.99
50

C
?
6.25
15.625
20.3125
22.65
23.82
24.41
24.70
24.85
24.92
24.96
24.98
24.99
24.99
25

Terminal
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

This is quite impressive. After thirteen iterations each has arrived within two decimal places
of their true value. However, anyone who has a sharp eye might have noted that at the first
iteration we set the 'hot' terminal value to 50. After that we re-set it to 100. If we had not
done that the results would have oscillated and never converged so nicely. This is an
extremely important initial condition for this type of process. It has been used since
Southwell, Dusinberre and others developed the Relaxation method, but its basis has only
recently been more clearly understood.
Let us look at another important process, namely the way in which the ground heats up as a
result of heating of the surface by the sun. This is diffusion equation
D∇ 2T =

∂T
+ ΔT (D is thermal diffusion constant, ΔT is temperature rise due to insolation)
∂t

here ∇ 2T means

∂ 2T ∂ 2T ∂ 2T
+
+
∂x 2 ∂y 2 ∂z 2
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The numerical solution of this can be approached in a number of ways. The first part is
⎡ T (x + Δx, y, z,t) + T (x − Δx, y, z,t) − 2T (x, y, z,t) ⎤
∇ 2T = ⎢
⎥⎦
Δx 2
⎣

⎡ T (x, y + Δy, z,t) + T (x, y − Δy, z,t) − 2T (x, y, z,t) ⎤
+⎢
⎥
Δy 2
⎣
⎦
⎡ T (x, y, z + Δz,t) + T (x, y, z − Δz,t) − 2T (x, y, z,t) ⎤
+⎢
⎥⎦
Δz 2
⎣
but if all the discretisations are equal and let us assume that the system has been normalised
to Δx then it simplifies to
Δx 2∇ 2T = T (x + 1, y, z,t) + T (x − 1, y, z,t)
+ T (x, y + 1, z,t) + T (x, y − 1, z,t)
+ T (x, y, z + 1,t) + T (x, y, z − 1,t)
− 6T (x, y, z,t)
Now, we come to the temporal derivative and we have lots of possibilities
∂T T (x, y, z,t + 1) − T (x, y, z,t − 1)
=
∂t
2Δt

It would be possible to go straight on and demonstrate these ideas in three-dimensions, but
one might quickly loose sight of the points that I am trying to make. Without sacrificing any
of the important features we can simplify things by looking at what happens in onedimension. So the discussion below looks at what happens in the z-direction only, the depth
beneath the surface of the ground. We will also use sub-script 't' to indicate time, so that the
diffusion equation immediately after a dark cloud conceals the sun becomes

⎡ T (z +1) + Tt (z −1) ⎤ Tt +1 (z) − Tt −1 (z)
D⎢ t
⎥⎦ =
⎣
Δz 2
2Δt
Which simplifies to

⎛ 2DΔt ⎞
Tt +1 (z) = Tt −1 (z) + ⎜
⎟ [Tt (z +1) + Tt (z −1)]
⎝ Δz 2 ⎠

This expresses the newly calculated temperature at z in terms of the value that z had two time
intervals before and a contribution from its two nearest neighbours at the previous time. This
scheme which is called the explicit central finite difference may appear to be very nice, but
sadly it is useless as it is unconditionally unstable, the numbers are meaningless and
eventually go outside the range of anything that the computer can calculate. So, forget this
one.
However, if we were to take a different arrangement of the time derivative
∂T Tt +1 (z) − Tt (z)
=
∂t
Δt
Then the diffusion equation can be expressed in an alternative finite difference form
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⎛ DΔt ⎞
Tt +1 (z) = Tt (z) + ⎜ 2 ⎟ [Tt (z +1) + Tt (z −1)]
⎝ Δz ⎠
This explicit finite difference scheme is numerically stable so long as
D

Δt 1
≤
Δz 2 2

This might seem quite attractive except that the above stability criterion can mean that an
excessive number of calculations need to be undertaken for specific circumstances.
Nevertheless, it remains a very useful scheme.
The final alternative that we consider here is to look at the spatial double derivative at the
new time and not at the old time as we have done up to now

⎡ T (z +1) + Tt +1 (z −1) ⎤ Tt +1 (z) − Tt (z)
D ⎢ t +1
⎥⎦ =
⎣
Δz 2
Δt
So that

⎛ Δt ⎞
Tt +1 (z) = Tt (z) + D ⎜ 2 ⎟ [Tt +1 (z +1) + Tt +1 (z −1)]
⎝ Δz ⎠

This is unconditionally stable and one might think "horray!" but there is a snag. We see that
in order to calculate T(z) at the new time we use the value at the previous time, but we also
need to know the values of the neighbours T(z+1) and T(z-1) at the new time. Our
calculation of the value at z is implicit on us knowing the values of its neighbours at the same
time and for this reason it is called the implicit finite difference scheme. It can be done, but it
requires the solution of many simultaneous equations. In some ways it seems to be counterintuitive, in that, if we were to apply this idea to a prediction of UK weather one hour from
now, we would have to know what the weather is going to be at all places across the globe
one hour from now. Do we have a problem?
There are other difficulties with numerical solutions. Sometimes we can have what appears
to be a perfectly simple differential equation which has a nice solution when we use
conventional calculus (called the 'analytical' solution) and yet the equivalent numerical
scheme does funny things. We can consider a 'source-sin'k problem, not unlike a bath being
filled from a tap when the outfall plug is not in place. In this case we will take an example
from chemistry where we have species created according to a first-order process while the
same species is removed by a second order process
dC
dC
= aC and −
= bC 2
dt
dt

The net rate of growth of C is then
dC
= aC − bC 2
dt
This has a solution with a constant M which depends on the initial conditions
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⎡ M ( a b ) eat ⎤
C(t) = ⎢
⎥
at
⎣ Me −1 ⎦
It is clear that as t → ∞, C(t) → (a/b)
Now, if we were to treat the differential equation using finite differences we get

C(t +1) − C(t) = aΔtC(t) − bΔtC(t)2
or

Ct +1 = (1+ aΔt)Ct − bΔtCt2
which can be written as
Ct +1 = rCt (1 − kCt )
In this form it is called the Logistic equation and depending upon the value of r it does all
sorts of strange things that do not appear in the analytical solution that was given above.
Instead of arriving at the nice smooth curve that converges to (a/b) we can get (a) oscillations
at a frequency or (b) at multiples of the frequency or (c) the results can be chaotic. Indeed,
this is one of the best known examples of a simple chaotic equation. And the concept of this
behaviour should not be strange, because things that take place discretely, such as animal
annual breeding seasons when populations are subject to predation can behave in a way
which appears to be quite erratic, and often chaotic.
So, why have we waded through all of this? Simply to demonstrate that numerical solutions
of physical problems have really become possible due to high speed computation. They do
not yet have the centuries of investigative research that conventional calculus has and so
there is still much to be discovered in this area. Even with a broad experience of numerical
methods I would be daunted by the thought of attempting a numerical solution of a problem
as complex as weather forecasting. And yet someone did, and that someone was Lewis Fry
Richardson.
The biography of Lewis Fry Richardson reads like a conflict between genius and sense of
moral duty. Born 1881, first class honours in Natural Sciences Tripos in 1903. In 1906/7 he
developed a finite difference approach to obtain accurate solutions for the differential
equations which describe the percolation of water through peat. He joined the
Meteorological Office in 1913. By the time the war broke out he was Superintendent of the
Eskdalemuir Observatory. However, he was a lifelong member of the Society of Friends and
as a Quaker he declared his conviction as a conscientious objector. At the time this would
have precluded him from ever obtaining a university post at a later time. Nevertheless, he
was working on weather prediction by arithmetical finite differences, referred to as a "very
complex problem" by Napier Shaw in one of his Met. Office Annual reports to the Treasury.
In 1916 Richardson resigned from the Met. Office so that he could join the Friends
Ambulance Unit and between then and 1919 he served as a driver in the French Sector and it
is here that we will meet him again. In 1919 he rejoined the Met Office, but resigned on
conscientious grounds in 1920 when it was brought under the Air Ministry. His major work,
"Weather Prediction by Numerical Process" was published in 1922. Election to the Royal
Society followed in 1926, but again we see him swerving away from avenues where his
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brilliance might have made significant contributions, only to see him veer back later. All the
time he was striving towards a rational understanding of the current plight of humanity,
(gaining qualifications in psychology along the way) and trying to develop the subject of
mathematical psychology. From 1929 - 1940 he was Principal of Paisley College, taking
early retirement in order to pursue peace studies.
Anyway- back again to what he did in our present context. While an ambulance driver in
France he devoted all his spare time to the numerical solution of the weather equations. His
book is 'jaw-dropping' in its audacity. He took the weather for a specific day and estimated
what the subsequent atmospheric pressure would be. His result was conspicuously incorrect,
predicting that the pressure should rise by 145mb in 6 hours. Nevertheless, one is reminded
of the Dr Johnson quotation " . . . a dog walking on its hind legs. It is not done well, but you
are surprised to find it done at all". I myself have calculated non-linear thermal processes
and have found that the dependence of thermal parameters on temperature was such that one
had to use iterations within iterations so that the upcoming temperature at any location was
based on the thermal conductivity which itself had been calculated on the basis of the
upcoming temperature. Thermal problems seem so tame in comparison to a fully integrated
weather model. It seems inconceivable that the non-linearities in the many meteorological
equations do not have similar or indeed, more extreme effects. In summary, it seems
inconceivable that any meaningful result could have been obtained particularly when all the
parameters which Richardson considered are included. Yet there is one place where we
might agree and that is Richardson's estimate of the number of human computers who might
be required to achieve his objective of predicting weather before it actually arrived. He
estimated a need for 60,000 people. Now the computer scientist steps in and immediately
recognises that the problem here would be one of data-flow, data-flow rates and bottle-necks.
Even as it stood, Richardson's concepts were an obvious subject for computer treatment. But
there were other ways in which the atmosphere as a dynamic fluid system could be modelled.
Jule Charney proposed what was called the Barotropic vorticity equation and this seemed to
be much better behaved than the Richardson Primitive equations. If we quote Lynch ("The
Emergence of Numerical Weather Prediction" Cambridge University Press 2006).
The wind is assumed to be geostrophic and the vorticity is related to the pressure by
⎛ 1 ⎞ 2
ζ =⎜
⎟∇ p
⎝ ρ0 f ⎠
then in the special case of horizontal flow with constant stability the vertical separation can
be separated out and the quasi geostrophic vorticity equation reduces to

d ( f +ζ)
dt

=0

 Donard de Cogan 2012

Lynch then goes on to show how this could be reduced to a system of equations that could be
solved numerically as a system of equations
ξ = ∇2 z
⎛g
⎞
∂ξ
= J⎜ ξ + f , z⎟
∂t
⎝f
⎠
∂z ∂ξ
∇2 =
∂t ∂t
All of this was part of a project spearheaded by John von Neumann and came out of a
Meteorological Research Project that was established at Princeton in 1946. The culmination
of this work was the use of the ENIAC computer which solved the Jacobian as well as the
attendant Poisson equations (using a double Fourier series). The computer calculations took
about 24 hours to complete. The results were credible and they just managed to keep up with
the weather.

In front of the Eniac, Aberdeen Proving Ground (for testing artillery), April 4, 1950, on the occasion
of the first numerical weather computations carried out with the aid of a high-speed computer. Left to
right: H.Wexler, J. von Neumann, M. H. Frankel, J. Namias, J. C. Freeman, R. Fjortoft, F. W.
Reichelderfer, and J. G. Charney. (from http://ecpc.ucsd.edu/general/pics/eniac-50.html)

Lynch, in his excellent presentation then goes on to discuss another approach, the baroclinic
model, which would have been too computationally demanding for the resources at the time.
This considered a multi-layered atmosphere with vertical variations and the conversion of
potential energy into kinetic energy. Finally, when it was realized that that was not going to
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be the answer to everything theoretical meteorologists returned to the primitive equations in
1959, but by that time Lewis Fry Richardson had been dead six years.
Yet some more approaches to numerical weather prediction
Throughout all the research that has been associated with compiling this book I have been
struck by one apparent omission (or for the curious scientist, ever on the lookout for new
avenues, a research loop-hole). There is a paragraph in John D. Cox's book+ that highlights
this. On pp 130 - 131 Cox writes "Vilhelm Bjerknes was distinctively visual; wherever possible, he
would give geometrical interpretations to his equations". Invoking the memory of another brilliant
twentieth century meteorologist, Eliassen wrote: "Jule Charney once said that he thought that Vilhelm
Bjerknes in trying to understand atmospheric dynamics would imagine that he himself was an air
particle, trying to decide where to go.

It seems so strange that nobody seems to have taken up this idea and run with it? It is an
excellent approach and one that is entirely amenable to the computational power that is
available today. We will conclude this book by outlining some alternatives approaches to
modelling an air parcel looking at its environment and deciding where it might go. There are
various ways in which this could be done and we will consider three.
Cellular automaton (CA) modelling
In this approach we have a collection of particles which are distributed in space and which
are constrained to move according to a set of rules. These rules may not even be based on
conventional physics but are frequently adopted simply because they deliver reasonable
results. One such case is called 'Forest Fire' model. A two-dimensional area is partitioned
according to a set of Cartesian co-ordinates. It is then populated with different colour
squares: brown squares represent earth, green squares represent trees. If a tree should catch
fire (space turns red) then its four nearest neighbours will be alight (red) at the next time-step.
Squares that were red will be brown at the next time-step. We define a probability (say 1 in
10000 time-steps) that a square will be struck by lightning that causes a fire (if there is a tree
on that square). We define a growth probability (for instance 1 in 100 time-steps) that a
brown square turns green. We could also define a probability of a tree dying of old age (say
after 200 time-steps). Otherwise square that are green/brown will also be green/brown at the
next generation. When models like this are run for prolonged periods of time they deliver
spatial distributions that are very similar to what is observed in real forests that have not been
subject to human interference.
There has been considerable work on both the effects of a given set of rules and on the
relationship between rules and reality. Wolfram 'cleaned up' the entire subject of onedimensional cellular automata and in the process discovered that the computational tool that
he developed to manipulate these had much wider applications under the name Mathematica.
Chopard and Droz* have applied CA models to problems such as snow drifting and have also
provided a firm theoretical underpinning to this subject.
So, we could divide the atmosphere into cubic or similar boxes with one or more particle in
each box which are subject to a set of rules that allow them to move in any of the six co+

John D. Cox Storm Watchers: The Turbulent History of Weather Prediction from Franklin's Kite to El Niño
John Wiley, 2002
*

B. Chopard and M. Droz, Cellular Automata Modelling of Physical Systems Cambridge University
Press 1998
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ordinate directions. We might even have a model where the rules themselves might change
depending on the present behaviour of particles.
There are many difficulties associated with the CA approach, but none more than faced
Bjerknes when he laid down his ideas of modelling and of course, we are in a position to
throw much more computational power at it. However, there is the problem that the model
has no inherent concept of time. This is imposed from the outside by us by assigning some
arbitrary Δt to the intervals between generations. This is not to say that it is not a viable
approach, simply not the one that I would immediately adopt.
Ensemble Monte Carlo (MC) modelling
In this approach we would also divide the atmosphere up into a very large number of boxes.
However in this case we might initially assign a relatively large number of particles to any
box, so that the sum of all the particles in all the boxes between ground level and the outer
atmosphere would be a scaled measure of the atmospheric pressure. The underlying
atmospheric physics then dictate a probability that any particle in any box will do something
specific. And there is always one equation that we can apply to any box:

Pstay + P→± x + P→± y + P→±z = 1
(It is certain that that a particle stays where it is, or moves to a neighbouring box)
At any time we then look at the ensemble behaviour of our 'atmosphere' by looking at
average pressures, mean particle flow-rates in terms direction and magnitude. Particles could
have an associated energy (temperature), so that we might also apply the rules of
thermodynamics at fixed times (particles would have a Maxwell-Boltzman distribution of
velocities). We would have a probability of energy exchange between particles or between
particles and boundaries, where appropriate.
This might appear to be a computationally enormous problem and there is no denying that it
is, but it is a problem with a finite mean velocity, so that it could be treated piece-wise for
one or more regions. If we define a spatial discretisation, then this velocity defines a mean
time discretisation. The current flutter of a butterfly's wings in the Amazon may affect UK
weather, but only at some time in the future which is bounded by the realistic extremes of the
particle velocity distribution.
Electrical analogue models and TLM
I have a long involvement with a form of modelling which has many links to MC and CA,
but has arisen from a different source, namely microwave engineering. The philosophy is
different to anything that has been considered up to now. In some ways it is part of a
traditionalist analogue approach: the physical problem is represented by an analogue
electrical network. This is the only approximation that is used, because the electrical network
is solved exactly. Although this is a well known method that had much prominence in the
time before digital computers, the novelty lies in the incorporation of sections of electrical
transmission line into the network. Since signals take a finite time to travel along
transmission lines, this forces time-discretisation onto the spatial problem. We also invoke
some ideas from digital signal processing in that data as a function of time is impressed onto
the matrix of transmission lines as a stream of impulses. For most of its journey time each
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impulse is quite unaware that there are any other impulses on the network. If it encounters
what is called an 'impedance change' then the impulse is scattered according to well
established electromagnetic principles. Impulses are synchronously monitored across the
network matrix where the superposition of impulses can represent a voltage or a pressure and
the flow rate of impulses represents a current. The basics of transmission line matrix or TLM
can be found in many sources, but those listed below are a good starting point*. A few
examples will be cited below to provide pointers towards the way in which this technique
could be used in a meteorological model to simulate the behaviour of an air packet.
Until now most work on diffusion and heat-flow has been in one and two-dimensions. This
is because there is still plenty of research to be done and much information in three
dimensional problems can be derived by extension. However, this is not always the case in
electromagnetics or in acoustics**. Scalar TLM in three-dimensions is an extension of ideas
from one- and two-dimensional formulations. Three-dimensional vector TLM which is
widely used in electromagnetic simulations is something different and a consultation of the
textbook by Christopoulos (The Transmission Line Modelling Method IEEE/OUP 1995) is
recommended.
Le us consider one particular example which was presented in Transmission Line Matrix
(TLM) in computational mechanics Donard de Cogan, William J. O'Connor, Susan H. Pulko,
Taylor & Francis/CRC Press 2006. Here, sound propagation in a layered medium was
considered. In this case a two-dimensional TLM model was used where the velocity of
sound was altered as a function of height. At any given height above the ground (an
acoustically rigid boundary) the velocity of sound is constant along the horizontal axis. A
single frequency excitation point source was located just above the ground and the model
space was surrounded by a perfectly matched-load boundary, so that a finite computation
space could be used without introducing errors due to the back-reflection of spurious signals.
In the picture which is shown below there are three separate panels. The top-left panel shows
the change in wave-length as a function of height which results from a constant frequency
propagating at different velocities (due to different air temperatures). The top right panel
shows the pressure as a function of position for the entire computational space. The lower
panel shows the pressure as a function of horizontal position along a line through all the
observation points which are just above the acoustically rigid ground.

*

D. de Cogan & A de Cogan Numerical Modelling for Engineers OUP 1997
- C. Christopoulos, The Transmission Line Modelling Method IEEE/OUP 1995
- D. de Cogan, Transmission Line Matrix (TLM) techniques for diffusion applications Gordon and Breach 1998
- Donard de Cogan, William J. O'Connor, Susan H. Pulko Transmission Line Matrix (TLM) in computational
mechanics Taylor & Francis/CRC Press 2006
**
S. El-Masri, X. Pelorson, P. Saguet & P. Badin, Development of the Transmission Line Matrix method in
acoustic applications to higher order modes in the vocal tract and other complex duct International Journal of
Numerical Modelling 11 (1998) 133 – 151
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These results which are based on a completely hypothetical model can be compared with
some experimental results which appear in Napier Shaw's work and which were probably
partly responsible for the dictate amongst military engineers that "explosive charges should
not be detonated during peace-time under meteorological conditions when there is a
temperature inversion".

Taken from Manual of Meteorology Vol. III, Sir Napier Shaw Cambridge University Press 1942, p. 47

A TLM model of a thunder rumble would be a simple exercise for anyone who had time to
try it. The above acoustic propagation experiment could be repeated for a source which
mimics the spatial behaviour of a real lightning flash and takes into account the
inhomogeneous temperature distributions in a cumulo-nimbus atmosphere. The response to
the spatial source could be repeated for a wide range of single frequencies (taking account of
the dispersive properties of TLM meshes). Finally, when the frequency/amplitude behaviour
as a function of time at a single location has been collected, an inverse FFT can be used to
deliver an estimate of how the 'perceived' noise changes as a function of time.
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TLM models of diffusion processes
Investigation of TLM models for diffusion in one-dimension reveal that it is a two-step
Markov process and is in all ways identical with a Kac walk. These ideas are immediately
extendable to higher dimensions. TLM models for diffusion with phase change was first
investigated by Peter Johns, the inventor of the TLM method (see G. Butler and P.B. Johns,
The solution of moving boundary heat problems using the TLM method of numerical
analysis Numerical Methods in Thermal Problems {Ed. R.W. Lewis and K. Morgan},
Pineridge Press, Swansea, 1979, pp 189 - 195). It was taken further by Susan Pulko, one of
his protégés (A.I. Hurst, S.H. Pulko, TLM treatments of changes of phase, International
Journal of Numerical Modelling 7 (1994) 201-207). A simulation of the crystalisation from
saturated solution represents a problem that was previously solved in simplified cases using
Laplace transforms (D. de Cogan and M. Rak, Accelerated convergence in numerical
simulations of surface supersaturation for crystal growth in solution under steady-state
conditions International Journal of Numerical Modelling, 18 (2005) 133 - 148).
TLM models of the diffusion/convection equation
Early work on the diffusion/convection equation using the TLM numerical method indicated
that the Courant-Friedrichs-Lewy condition applied as in finite difference methods, although
the spectral ranges were different. There was also substantial numerical diffusion and
numerical convection. Recent significant work by Kennedy and O'Connor which has been
published in the International Journal for Numerical Methods in Engineering discusses a
novel TLM formulation that is unconditionally stable for a wide range of Peclet numbers.
The authors note that while the cost of implementation may be higher than for the FD
schemes, their new TLM scheme can be significantly more accurate, especially when
convection dominates
TLM models of hydraulics and fluid dynamics
The first attempt to apply TLM to hydraulic systems was undertaken by Boucher and Kitsios*
but they and several authors who followed them encountered stability problems and various
techniques of signal filtration were proposed. These efforts were probably unnecessary. The
original research by different authors had used a single node to represent an entire length of
pipeline. In chapter 8 of Transmission Line Matrix (TLM) in computational mechanics
Donard de Cogan, William J. O'Connor, Susan H. Pulko Taylor & Francis/CRC Press 2006,
these models were re-run using more generous spatial discretisations, where each of the
(now) many nodes had its own distributed loss. In this situation results converged quickly
and no instabilities were observed.
A contribution by O'Connor in Transmission Line Matrix (TLM) in computational mechanics
represents the first moves towards a full TLM implementation of the Navier-Stokes equation.
And that is where the subject of TLM and meteorology stands as of 2009

*

R.F. Boucher and E.F. Kitsios Simulation of fluid network dynamics by transmission line modelling Proc. Inst.
Mech. Engrs. 200 C1 (1986) 21 - 29
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Conclusions
At the end of this chapter we have a range of models where we are looking at properties such
as pressure, temperature, concentration, which can be considered as the superposition of
numerous individual components ('pulses' in TLM-speak). At the conclusion of each
iteration (time-step) we apply a set of rules where the motion of our particles are determined
by the laws of physics, electromagnetics, and where relevant, thermodynamics. The fact is
that we are already using the philosophy of Vilhelm Bjerknes, albeit in other fields. So why
not in meteorology?
No-one in the TLM research community has so far got around to exploring this as a new
avenue. As TLM invokes ideas drawn from many disciplines its substantial learning-curve
tends to inhibit outsiders from becoming involved. It is nevertheless worth exploring,
although critics may question the computational load. There is no doubt that it would be
extensive, but how long did it take von Neumann and friends to do a computation of the
weather on ENIAC? How long would the same computation take on a modern PC? It took
two Cray computers over five weeks to do TLM simulations of the current flows along the
fuselage of the European Fighter Aircraft and those who commissioned the work felt that it
was worthwhile. Who knows what computational power we might have ten years from now?
Weather prediction holds a total fascination for me as an engineer modeller. It is rare for us
humans to be at the 'micro' scale, as it were. In most cases in physics we attempt to model
things which are at much smaller scales than ourselves. We might also simulate some big
scale things such as the strength of a bridge or the earthquake withstand capability of a
building. However, it is in meteorology that we are at the micro-scale, when compared with
weather systems. It is true that there is an entire subject of micro-climate, (something that
might be immediately amenable to TLM simulations using current computing power). But
looking the other way, beyond the scale of the weather that affects us on a daily basis, we
also have weather with different cyclical periods: 100, 101, 102 and 103 years, but of course,
we tend to group these events as 'climate'. Forecasting has come a very long way since the
days of Robert FitzRoy, but from the point of view of the curious engineer/modeller there is
still much to wonder about.
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