Computational Mechanics Research Trends (Ed Hans P. Berger) pp. 319-339 Nova Science
Publishers, Hauppauge, NY (2010) 978-1-60876-057-2

Probabilistic interpretations of the TLM numerical method
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Erratum: the paper as published contained a glaring oversight. The technique of using
the Cayley-Hamilton theorem, as described in the Appendix was in fact first used in this
context by Peter Enders. Pierre Chardaire rediscovered it with no knowledge of the work
done by Enders. He also extended it to the second and third spatial dimension. It would
be fair if credit was attributed equally and given the name 'the Enders-Chardaire' method.

ABSTRACT
Within the area of Transmission Line Matrix (TLM) modelling, the analogies between these
schemes and random walks (simple and correlated) are perhaps most familiar to those who study
lossy propagation. This is in part because any attempt to invoke such techniques with wave
propagation have until now had to contend with the apparent anomaly of a negative transition
probability. This paradox is addressed in terms of walker-pairs, which permit the use of a
probabilistic interpretation over the entire range of scattering parameters. Any conventional TLM
model can now be simulated as a concurrent set of random walks, and although the computational
effort may be prohibitive, it does permit us to develop an entirely particle-based approach to
phenomena such as wave propagation and diffraction, including single photon diffraction

INTRODUCTION
It is well known that there are many reasons why the Telegrapher's Equation (TE) is a better
approximation to transport processes than the diffusion equation. In the first instance, diffusion
from a source during a finite time travels a finite distance. However, many typical solutions of the
parabolic formulation imply an infinite velocity. In their 1997 paper Porra et al [1] enumerate a
series of problems associated with the parabolic approach.
Numerical schemes such as that proposed by Goldstein [2] and Taitel [3] avoid the problem of
infinite velocity and have been shown to be expressions of a TE. Enders and de Cogan [4] have
shown that this has a direct analogy in the one-dimensional Transmission Line Matrix (TLM)
scheme and is expressible as a 'correlated random walk'
(1)
N(x,t + 1) = ! [ N(x + 1,t) + N(x " 1,t)] + ( # 2 " ! 2 )N(x,t " 1)
N is the concentration of species at location (x) in terms of concentrations at (x-1), (x) and (x+1)
over the two previous time intervals, ! is a transmission coefficient, the probability that the
direction of motion will be retained and " is a reflection coefficient, the probability that the
direction of motion will be reversed. This persistent random walk (a two-step Markov process) is
identical in behaviour to a Kac random walk [5].
The TLM simulation of a Gaussian diffusion profile has been examined using a combinatorial
approach to estimate the variance in terms of time index, k (T = k#t) and the TLM scattering
parameters ! and " [6].
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Although, the variance has been calculated by this means for d-dimensions [7], the general
extension of these concepts to higher dimensions gives rise to problems similar to those cited by
Porra et al. [1]. However, we believe that an adaptation to an interpretation based on TLM
provides a resolution to the difficulties encountered here and in previous treatments based on TLM
itself.
The paper will start with a brief introduction to TLM and will then progress to a presentation of
formulations suitable for heat and mass transfer in one, two and three dimensions. In the case of
the one-dimensional scheme, we will also discuss the process of consistent treatment which allows
a continuous progression from macro- to micro-scale diffusion modelling. We will then move to a
discussion of TLM in terms of random walks. Subsequently we will discuss the difficulties
encountered in formulating a single particle drunkard's walk scheme. In order to support our
proposal we will return to the electromagnetic fundamentals of the TLM approach and introduce a
scheme based on duals. The paper will conclude with a demonstration of the consistency of our
interpretation and an indication of how this approach might be used to model diffraction with
small numbers of photons.

THEORY (Part I)
The fundamentals of TLM
At one level of abstraction TLM is a cellular automaton. The spatial states at successive time
intervals are dependent only on transitions between nearest neighbours. We use a sampled system,
where we look at the synchronous arrival of information pulses at locations (nodes) at time
intervals # t. Consider the pulses which arrive at location (x) at the k-th instant of sampling:
i
i
kVL (x), kVR (x) incident from the left and right
These are scattered according to
! skVL (x)$ ! ' ( $ ! kiVL (x)$
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where " is the fraction of each of the incident pulses that is reflected from its direction of motion
and ! is the fraction that is transmitted, maintains its direction of motion.
Pulses which are scattered from (x) travel towards nearest neighbours during a time interval, #t.
This exact same process is also happening for the pulses that are coincidentally scattered from
locations (x+1) and (x-1). Thus, at the (k+1)th sampling instant we will see new pulses arriving at
(x) according to:
i
s
k +1VL (x) = kVR (x ! 1)
(4)
i
s
k +1VR (x) = kVL (x + 1)
The total potential at (x), $(x) is then the super-position of these incident pulses. This process can
be described using an electrical network analogue which includes segments of transmission lines
each of length # x. The transit velocity c = #x/#t of a pulse traveling on a transmission line,
enforces time discretisation. The electromagnetic interpretation of this, its extension to higher
dimensions and its application in the treatment of wave propagation problems can be found in
Christopoulos [8]. P.B. Johns, the inventor of TLM was also the first to discuss the effects of
including resistors in the network [9]. In his seminal paper on the modelling of diffusion he also
discusses the dispersive effects of resistors and the relationship between different configurations of
electrical network analogues an their finite difference cousins. He used a technique which he
called Propagation Analysis to demonstrate conditional and unconditional stability in finite
difference schemes and by this means he was able to shown that TLM formulations of diffusion
problems were unconditionally stable. His treatment is somewhat opaque to those who are not
familiar with electromagnetic network concepts and de Cogan [10] has provided a more accessible
treatment. A broad introduction to the theory of lossy TLM and a summary of the work that has
been done in this area may be found in de Cogan [11].
Lossless TLM formulations in two and three dimensions
Direction numbers(1, 2, 3, 4) or points of a compass (N, S, E, W) may be used to designate pulses
which are incident on node (x,y) from its four neighbours in a two-dimensional TLM formulation.
The matrix which relates incident and scattered pulses is given by
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In the case of lossless TLM we can use an argument based on electromagnetic theory to show that
" = -0.5 and ! = 0.5. This gives excellent results when used in simulations of physical problem
although the system does display dispersion and has a mesh velocity that is approximately 70.7%
of the free-space velocity. This is entirely consistent with the observations by Porra et al [1] for
two-dimensional systems.
The formulation that is given above is applied with equal facility to scalar and vector problems.
Thus it can be used to determine pressure fields in acoustic models and electric/magnetic fields in
two-dimensional propagation systems. In the latter case this is due to the fact that the fields which
are derivable from the treatment based on eqn (5) (termed a 'shunt-network' formulation) are Hx,
Hy and Ez. The magnetic fields are equivalent to the currents/displacements which move in the two
spatial dimensions, while the electric field is equivalent to the voltage/pressure that is observed at
location (x,y).
It is possible to determine the other field components Ex, E y and Hz, but this requires the use of a
'series-network' formulation which is described in Christopoulos [8]. It is not however possible to
treat all six field components in the same location (x,y,z) using simple formulations. For that
reason electromagnetic modellers have to use alternative approaches such as the symmetrical
condensed node [12,8]. However, it is still possible to extend the conventional approach if one is
prepared to sacrifice the vector properties of TLM modelling. The first serious analysis of scalar
TLM in three-dimensions was given by Choi and Hoefer [13] and El-Masri et al [14] have applied
this to acoustic propagation. The three-dimensional scalar TLM formulation has dispersive
properties and the mesh velocity, v is related to the free-space velocity, c by v = c/% 3 just as
observed by Porra et al [1].

Figure 1 A one dimensional lossy TLM node of length #x. In the case of heat-flow modelling, Z
subsumes the thermal capacitance and 2R represents the thermal resistance

Lossy TLM formulations in one dimension
Eqn (3) applies in this case, but the values of " and ! are a function of the material and
discretisation parameters and their derivation using TLM involves a nodal circuit analogue as
shown in figure 1.
An impulse travelling along a transmission line is unaware of its finite length until the moment of
arrival at the termination, which it sees as ZT = 2R + Z. In electromagnetic theory the reflection
coefficient is given by
Z "Z
R
(6)
!= T
=
ZT + Z R + Z
If we are dealing with a current impulse then the transmission coefficient is !I = 1 - ". If ZT were a
lossless termination then the voltage transmission coefficient !V = 1 + " ensures the conservation
of power. However, in the case of a lossy termination as shown in figure 1 there is a voltage drop
across the resistors and this results in power conservation with !V = 1 - ", something which applies
to lossy TLM in any dimension.
The reflection coefficient is related to physical parameters
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(C is the analogous capacitance) is one of
C
the major assumptions in TLM, but provided the time interval is sufficiently small this is not a
problem and numerical results which are almost indistinguishable from their analytically derived
equivalents can be obtained

The use of the low frequency approximation Z !

Using distributed parameters (R = Rd# x, C = Cd# x) and their relationship to the diffusion
constant, D = 1/RdCd we obtain
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Mesh scaling
The expression for TLM reflection coefficient as given by (8) can now be applied to a process of
mesh-scaling which assumes that there is a single value of velocity, which is independent of the
scale of the model. If we were to model single shot injection of unit magnitude at a single point
using a set of conditions that ensured that the term D#t/#x2 was unity, then we would have " = ! =
0.5. We could reduce both the time and space discretisations by a factor 2 which would retain a
constant velocity, but this would alter the value of the reflection coefficient as defined in eqn (8) to
give
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Reference to Figure 2 shows that in order to have the same excitation conditions as previously, we
now have to inject inputs into the same region of space during two time-steps. This is achieved by
having impulses, each one quarter of unit magnitude into the two adjacent nodes during the first
two time-steps. This process can be brought to any level of scaling and de Cogan [15] has shown
that at least for one dimensional TLM simulations of Gaussian diffusion we have in fact a
continuum between the parabolic and hyperbolic approximations of the transport processes.

Figure 2 (a) one-dimension lossy TLM node of length #x sampled at time-intervals #t with a unit
input of heat at the node centre. (b) the same physical piece of material, but now divided into two
nodes, each of length #x/2 and sampled at time-intervals #t/2. In order to inject the same energy
as in (a) heat of magnitude 1/4 is injected at the two locations during two successive time-steps.
Lossy TLM formulations in two and three dimensions
The situation becomes more complicated when we come to two-dimensions. This is because there
are different ways in which we can arrange the resistors and transmission lines. In the first
instance, shown in figure 3(a) the node, (x,y) is centred at the convergence point of four resistors
and each node is separated from its neighbour by a length, #x of transmission line. For this reason
it is called the 'link-line' nodal configuration. An electromagnetic analysis of the equivalent circuit
of figure 3(a) shows that the reflection coefficient is given by
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2R + Z
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The transmission coefficient can be determined from " + 3! = 1
The alternative two-dimensional network, shown in figure 3(b) centres the node at the
convergence point of two intersecting transmission lines, each of length #x. A pulse incident on
the node undergoes a scatter event which is identical to what happens in two-dimensional lossless
TLM. Scattered pulses travel to the ends of their lines where each experiences a second scatter
event which is identical to the one-dimensional scatter process described in section 2.3 of this
paper. The two events are separated by #x/2 in space and #t/2 in time. This is called the 'linkresistor' configuration. The properties and application of both of these are discussed in detail by
de Cogan [11].
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Figure 3 (a) A two-dimensional link-line lossy node and its lumped equivalent circuit with a
pulse incident from the west. (b) The two scattering events in a link-resistor cell separated in
space by #x/2 and in time by #t/2.

The exact same analysis can be applied (mutatis-mutandis) in three-dimensions. In the case of the
link-line configuration the reflection coefficient is given by
3R " 2Z
3R + 3Z
The transmission coefficient can be determined from " + 5! = 1
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(10)

THEORY (Part II)
Probabilistic interpretations of TLM (the one-dimensional case)
The reflection coefficient " is normally interpreted as the fraction of the incident impulse that is
reflected from its direction of travel. However, we have seen that over time any incident pulse
comprises contributions from many pulses that are travelling in that direction at that time.
Accordingly, it would be equally valid to say that within the ensemble of particles " represents the
probability that any individual particle will be reflected. This is the basis upon which Enders and
de Cogan [4] argued for the transport processes to be treated as simple random walk (" = !) or as
correlated random walks (" ! !). Chardaire and de Cogan [6] have used a combinatoric argument
to show that for a single-shot injection at an origin (x0) then the contribution at any point (xj) after
k-timesteps is the sum of all binary scatter paths of length k#x between these two points.
Now, if we had a discrete drunkard whose decisions at every instant in time were determined by a
probability, " of reversing his direction of travel and probability, ! of retaining his direction, then
we could start to define the possible scatter paths that he could take. After three steps we could
have as possible walks """, ""!, "!", "!!, !"" , !"!, !!", !!!. Now if these eight walks were
stored and chosen at random, then so long as we had 'sampling-without-replacement', then the
result of undertaking eight walks would be identical to the result we would get from a
conventional TLM one-dimensional simulation of three time-steps. This argument can be
extended to walks of length, k for any reflection probability in the range 0 < " < 1.
Probabilistic interpretations in two and three dimensions
The interpretation of one-dimensional TLM as a correlated random walk has been referred to
above. Chardaire and de Cogan [7] have extended their earlier work and have developed a
combinatorial approach to calculate the variance of TLM profiles following single-shot injection
into higher dimensional meshes (both link-line and link-resistor), the same approach has been used
In two-dimensions, the equivalent expression is a function of the nodal position and four nearest
neighbours over four time-steps. In the link-line formulation this is
(11)
! (x, y) = " kV + 2(4" # 1)(2" # 1) k #1! (x, y) # " (4" # 1)2 k # 2V + (4" # 1)2 k # 3! (x, y)
V is the sum of the neighbouring potentials [! (x " 1, y) + ! (x + 1, y) + ! (x, y " 1) + ! (x, y + 1)]
k +1

while for the link-resistor case
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It must be remembered that the expressions for " and " are quite different in the two cases and
the transformations are
)
# d " 1&
! LL = ! LR " %
) LR
) LL = LR (d is the dimension, 2 in this case)
(
$ d '
d
If the appropriate transformations for link-line and link-resistor scattering parameters are used then
it can be seen that the above expressions are equivalent.
In three-dimensions, the equivalent expression are spread out over six previous time-steps.
k +1! (x, y, z) is a function of previous values of ! (x, y, z) and the sum of the six nearest neighbours,
V = [! (x " 1, y, z) + ! (x + 1, y, z) + ! (x, y " 1, z) + ! (x, y + 1, z) + ! (x, y, z " 1) + ! (x, y, z + 1)]

In the link-line configuration
k +1! (x, y, z) = " kV

+ 3(4" # 1)(6" # 1) k #1! (x, y, z)
# 2" (6" # 1)2 k # 2V
# 3(2" # 1)(6" # 1)3 k # 3! (x, y, z)

(13)

+ " (6" # 1)4 k # 4V
# (6" # 1)5 k # 5 ! (x, y, z)
while for the link-resistor case
"
k +1! (x, y, z) =
kV + 4(" # 1) k ! (x, y, z)
3
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Outline derivations for some of these expressions may be found in Appendix I

(14)

PROBLEM WITH EXISTING THEORY
An apparent paradox in the TLM/random walk equivalence
As we mentioned earlier, if we start from one-dimensional diffusion problem, then the TLM and
discrete random walk arguments can be used for the full spectrum of reflection coefficients (0 " "
" 1). In the case of two-dimensional models we have " + 3! = 1. A particularly interesting case
arises when " = 0. Thus for a pulse scattered from (x-1,y) and incident on (x,y) we have
probability zero that it will be reflected at that time. However, since ! = 1/3 there is a chance that
a discrete random walker could return to (x-1,y) after four time-steps.
Eqn (8) showed how the reflection coefficient in one-dimension is related to the material and
discretisation parameters of the problem being modelled. The same applies in two-dimensions, so
that one could conceive of a situation where 3R < 2Z, which immediately poses us with the
problem of negative probability. Does the condition 3R = 2Z represent a probabilistic
discontinuity? We believe that the answer is No. It should be noted that we have intentionally
approached this paradox using the link-line formulation. The situation would appear worse if we
had approached the same problem using a link resistor formulation. The subsidiary event
(equivalent to one-dimensional scattering would not present a problem, but how would we
interpret the discrete walker as he approached the centre of the node in figure 3(b) where the
reflection coefficient is " = -1/2?
We might attempt to fudge the issue by saying that this was merely a probability of 1/2 except that
the 'polarity' of the walker was inverted. This is inconsistent because in two-dimensional lossless
TLM ! = 1/2. With four possible directions, each with probability 1/2 (with one inverting) we
could not maintain the singularity of the walker. We appear to be forced into splitting the walker
while at the same time taking steps to ensure conservation of matter.
EXTENSION OF THEORY
A resolution to the paradox of a discrete random walker with negative probability
The problems that have been described here which have close links to similar problems discussed
by Weiss [16] can be overcome if we recognise one of the important facts of electromagnetic
theory namely that voltage and current are inextricably related. It is not possible to have a current
pulse travelling on a transmission line without a supporting voltage pulse and vice versa. We
could therefore consider two mesh arrangements such as that shown in figure 3(a), but with R = 0.
In the first case we will have a voltage pulse incident from the west as shown and in the second
case we have a current pulse also incident from the left. After scattering we have the product "2 =
!2 = 1/4.
If we now return to the random walk situation we will consider an incident walker-pair, one
representing a voltage and the other representing a current. Given the fact that each can go in four
directions, we have a total of sixteen possibilities, but of these, there are only four cases where the
paths of the two walkers coincide. Thus, if we consider a walker pair in a lossless twodimensional mesh, then they proceed with equal probability (1/4) at every step, but we can still
retrieve the final state of either walker. Let us suppose that a walker pair started at (xo,yo) and

proceeded for k steps, being reflected or transmitted to left, right or straight on and let us suppose
that they experienced an odd number of reflections, then the phase of the voltage (current) walker
at (xk,yk) would be inverted.
After k-steps in a two-dimensional TLM simulation following a single initial injection in onedirection we have 4k contributions scattered throughout the mesh, representing all the possible
scattering paths. We now enumerate all of the scattering paths and store them, so that as each of 4k
walker pairs are sent on their way a route is chosen at random using 'sampling-withoutreplacement'. When all walks have been completed we could then plot the final location and
polarity of each voltage walker. The summation of the populations at each point when divided by
4k will give exactly the same result as would be obtained if a conventional TLM simulation had
been used.
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(b)
Figure 4 (a) The arrival, scattering and departure of individual pulses at a two-dimensional linkline TLM node (b) shows the different power terms that must be calculated (p3 and p4 are
replicated in the three arms that convey transmitted signals)

A general transition probability for walker pairs
Now that we have demonstrated the consistency of our scheme for the case where R = 0, we
propose to consider the broader case. Of course this can be applied in link-resistor nodes (see
Figure 3b for any value of R, since the two-dimensional and one dimensional scattering events are
separated in both space and time. It remains for us to develop expressions for the transition
probabilities which can be applied in link-line lossy meshes independent of whether the voltage
(current) reflection coefficient is positive or negative. This will be accomplished for a two
dimensional mesh, but can be extended (mutatis-mutandis) to three-dimensions
If voltages and current pulses are incident along the transmission line from the west as shown in
Figure 4a, then we can consider that power equivalent to iV i I is being injected into the node.
Some of this incident power will be dissipated in the resistor in the western arm. The remainder is
available for dissipation/transmission in the other three arms. The before/during and after
scattering scenarios are pictured in figure 4(a). Figure 4(b) shows some of the power components
that must be estimated in our development of a consistent power balance.
The first term is simple, being p1 = ! 2 iV i I
The second term contains a transmitted current T I = (1 ! " ) i I
This moves across a voltage drop ( iV + rV ) ! "
By definition, in the absence of other incident pulses ! = iV / 2
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We can easily show that p1 + p2 + 3[ p3 + p4 ] = i I iV (power is conserved)
We therefore have two general expressions which are independent of the value of resistance in the
range 0 " R < #
The probability that power is reflected at the discontinuity in the incoming arm is p1 i P
The probability that power is dissipated in the resistor in the incoming arm is p2 i P
So the probability of power either being reflected or dissipated in the incoming arm is
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The probability that power is transmitted through one of the other arms is 3 p4 i P

(

The probability that power is dissipated in one of the other arms is 3 p3 i P
The probability of exiting or being dissipated along an outgoing arm is
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It is easy to show that all of these gives consistent results for sample values of reflection
coefficient such as " = -0.5, " = 0 etc. If for instance we have " = 0.25 then ! = 0.25 (matter is
conserved). Eqn (15b) predicts the component reflected/dissipated in the incoming arm is 5/8.
The power transmitted/dissipated in an outgoing arm is 1/8 and since there are three arms, we see
that power is also conserved.
We can also express the total probability that power is reflected/transmitted as
1
(17)
p + 3p4 ) = ! 2 + 3" 2
i ( 1
P
and the total probability that power is dissipated in one of the arms is
1
(18)
p + 3p3 ) = 6! [ " + ! ]
i ( 2
P
Once again these expressions behave consistently for any value of the scattering parameters in the
range (-0.5 " " " 1), (0 " ! " 0.5).
Discrete random walks and diffraction
In a one-dimensional Gaussian diffusion, the initial injection into the centre of a very long bar is
split equally to left and to right. If for the purposes of example we consider the right-going pulse,
then we can define a domain of dependence. Figure 5a shows this for the case of an injection at
(x) at k = 0 and we consider the right-going pulse which arrives at position (x+1) at k = 1. The
figure shows the domain of dependence at position (x+2) and this can be seen to represent all the
binary scatter paths between (x+1) and (x+2) during 5 time-steps and it can be deduced by
inspection that these are shown in figure 5b.
This argument can be extended to two-dimensions. An initial input at (xi,yi) will have a domain of
influence which can be represented by a pyramid. The point of inspection, the output point (xo,yo)
will have an inverted pyramid as domain of dependence. So, the domain of dependence at (xo,yo)
due to an injection at (xi,yi) j-time-steps earlier will represent the intersection of these two
pyramids as shown in figure 6.
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Figure 5 (a) The domain of dependence of the point (x+2) at time k = 5, (b) all possible paths
which start at (x+1) and end at the point in question together with the reflection/transmission
operations which in each case are read from left to right(e.g. the right-most path above is three
scatters maintaining direction, one reversal of direction and one maintaining the new direction)

Figure 6 The upper plane shows initial injection at position xi = 0, xi = 0 and the pyramid-like
'domain-of-influence' which it will generated for all later times. The point of observation k timesteps later at location xo = x, yo = y is influenced by all paths within the 'domain-of-dependence',
the inverted pyramid above the lower plane. Overall the figures shows the envelope of all possible
paths that start at (xi,yi) and end up at (xo,yo) after k-steps.

APPLICATION OF EXTENDED THEORY
We will now consider two specific cases of two-dimensional random walk where " = -0.5 and ! =
0.5: !!"!""!! and !"""!""". These have been chosen because they highlight distinctly different
behaviour. It can be seen in figure 7 that each starts and ends at the origin. Because both the
voltage and current pulses have identical reflection coefficients, as discrete random walkers they
would have had equal probability of moving in any one of four directions. However, the first case
(!!"!""!!) involves a total of three reflections so that the phase of the pulse that arrives back at
the origin is negative, while the second case !"""!""", involving four reflections arrives back
with a positive phase (relative to its value at the start). Thus if we were to consider a case where
these two walkers were the only ones in the experiment, then the resultant at the origin after eight
steps would be zero. The two pulses would cancel each other.

Figure 7 The scatter histories of two 8-step walks, !!"!""!! (left) and !"""!"""(right) which
start and end at the origin.
A particle approach to wave diffraction phenomena
TLM uses a series of modulated impulses to simulate a sinusoidal excitation. Thus for an injection
point in a two-dimensional mesh we have at any time, k an amplitude given by

# 2! &
sin %
k(
$ 2" '

(19)

Where n#x = & and 1/%2 accounts for the speed of propagation on a two-dimensional TLM mesh.
So, in the case of the first excitation in figure 8 we have

" 2! %
sin $
1'
# 34 &
This is the single excitation which will give rise to all possible paths between the point of
excitation and the evaluation at the point of observation k-time-steps later. At the second time
interval in Figure 8 we have

" 2! %
sin $
2'
34
#
&
This gives rise to a set of walkers which travel by all possible paths (without replacement) and
arrives at the point of observation (k-1) time-steps later. The paths generated by the third
excitation are sampled at the point of observation (k-2) time-steps later, and so on. So, finally, if
we consider all paths which start at the point of injection for every discrete time less than k and
take the summation of all which arrive at the point of observation at discrete time, k, then we have
a particle-by-particle simulation of the exact same situation that would be observed at that point if
we were to undertake a conventional TLM simulation with & = 32#x. In numerical terms it may
be prohibitively intensive, but it is nevertheless a particle simulation of a wave propagation
process.
Now, if we were to take two such sources separated by a distance, d, then we should be able to
observe the way in which the total number of particles which arrive by all scatter paths from the
points of injection to the point of observation interfere. Thus, at the conclusion of this work we
have in effect a particle description of diffractive phenomena, which has close links to the work of
Suppes and Acacio de Barros [17].

Figure 8 the discrete time evolution of the impulses which constitute a sinusoidal excitation in a
TLM simulation. Time intervals are in units #t and in the above there are 34#t per cycle
CONCLUSION
We have identified certain problems namely negative transition probabilities that appear to arise if
we attempt a comprehensive random walk interpretation of TLM over the full spectrum of
scattering parameters that are used to model both hyperbolic and parabolic processes. These can
be overcome by the use of 'walker pair's. With the benefit of hindsight this appears to be quite
obvious, since current needs voltage, acoustic pressure needs displacement, heat-flow needs
temperature and so on.
We can now treat single-shot one-dimensional TLM for any reflection coefficients as a repeated
set of binary processes, equivalent to Kac random walks. A conventional two-dimensional TLM
simulation can be interpreted as the outcome of particles traveling between the point of excitation

and the point of observation by all possible paths, each path being considered only once. Multiple
excitations at one location (e.g. sinusoidal excitation) treats each injection as an impulse whose
magnitude and initial sign is determined is by eqn (18). The polarity of such a pulse in a lossless
medium will be reversed at every reflection during the process of turns determined by the unique
binary sequence of " and ! of length k, where k # t is the time interval between injection and
observation. In a lossy simulation polarity may be reversed, depending on the relative value of
these parameters. It has been shown that we could use discrete random walks to describe the
diffraction due to the propagation of pulses from nearby sources, although it is acknowledged that
this would be prohibitively intensive to calculate. Whereas a one-dimensional model generates 2k
binary paths after k time-steps, a two-dimensional model generates 4k paths which are quaternary,
i.e. if the reflection is in any one direction, then the transmission can be in any of the other three
directions. It would be a laborious, but nevertheless possible exercise to enumerate all the possible
paths within a domain of the type shown in figure 6. Consequently, an obvious effort-reducing
approach might be sampling. We should be able to make an estimate of the result by taking
random samples from the set of all possible walks (without replacement). How the accuracy level
varies with the size of the sample for this discrete walk formulation of TLM has yet to be
investigated. Finally, conventional presentations of phenomena such as light propagation
highlight a distinction between wave and particle approaches. We believe that, in harmony with
Huygens principle, our TLM-based interpretation shows that diffraction can be consistently treated
using an entirely particle approach.
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APPENDIX I
The derivations given below are the outcome of previously unpublished work by Chardaire. It will
present the basic use of generating functions in one-dimension. The technique will then be applied
to a two-dimensional link-line (figure 3a) network, outlined for a two-dimensional link-resistor
(figure 3b) network. Summaries for the equivalent three-dimensional networks will also be given.
Generating function derivation of eqn (1) in main text
In one dimension we use generating functions of the form L(k ) (x) = ! L(ki ) x i
i

(superscript indicates an event at time k. The brackets imply that this is not a power)
The movement of pulses between nodes of the form shown in figure 1 can be given as
L(ki ) = ! L(ki "1"1) + # Ri(k"1"1)
Ri(k ) = # L(ki +1"1) + ! Ri(k+1"1)

(AI-1)

#! x " x &
!L$
If we define V = # & and A = % " ! ( then eqn(AI-1) is V (k ) = AV (k !1)
%
(
"R%
$x
x'
Consequently V (k ) = A k V (0) expresses the space-time history from any time after an initial
excitation. The corresponding eigenvalue equation yields
#
P(! ) = det(A " ! I ) = (# x " ! )( " ! ) " $ 2
x
1
or
P(! ) = ! 2 " # (x + )! + # 2 " $ 2
x
The Cayley-Hamilton theorem implies that P(A) = 0
1
So
A 2 ! " (x + )A + " 2 ! # 2 = 0
x
1
or
A 2 V (k ) ! " (x + )AV (k ) + (" 2 ! # 2 )V (k ) = 0
x
1
So
V (k + 2) ! " (x + )V (k +1) + (" 2 ! # 2 )V (k ) = 0
x
Using P (k + 2) (x) = ! Pi (k + 2) x i we get
i

or
which can be time-shifted to yield

Pi (k + 2) ! " #$ Pi (k!1+1) + Pi (k+1+1) %& + (" 2 ! ' 2 )Pi (k ) = 0
Pi (k + 2) = ! #$ Pi (k"1+1) + Pi (k+1+1) %& + ( ' 2 " ! 2 )Pi (k )
Pi (k +1) = ! #$ Pi (k"1) + Pi (k+1) %& + ( ' 2 " ! 2 )Pi (k "1)

Pi (k ) can refer to the left or right arriving pulses, kiVL (x) or kiVR (x) of eqn (3) or to the superposition of these pulses, k !(x) at location (x) at time, k.

Two-dimensional expressions: eqns (11), (12)
The equivalent eigenvalue equation for two dimensional link-line scattering (as in figure 3a) is
$1
'
$1
'
1
1
P(! ) = ! 4 " # & + y + + x ) ! 3 " 2(4# " 1)(2# " 1)! 2 + # (4# " 1)2 & + y + + x ) ! " (4# " 1)3
%y
(
%y
(
x
x

! 4 implies a generating function of the form P (k + 4 ) = ! ! Pi,(kj + 4 ) x i y j
i

j

Proceeding as in the one-dimensional case we have
+ 3)
+ 3)
Pi,(kj + 4 ) = ! Pi (k"1,+j3) + Pi (k+1,+j3) + Pi,(kj "1
+ Pi,(kj +1

(

)

+ 2(4! " 1)(2! " 1)Pi,(kj + 2)

(

+1)
+1)
" ! (4! " 1)2 Pi (k"1,+1)j + Pi (k+1,+1)j + Pi,(kj "1
+ Pi,(kj +1

)

)
+ (4! " 1)3 Pi,(kj +1

which is the foundation for eqn (11)
In the link resistor case there are two independent scatters at each node which are separated by
#x/2 in space and #t/2 in time as can be seen in figure 3b. This is reflected in the underlying
eigenvalue equation

*# $ 1
'
1
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(
x
+2 % y
.
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'
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* # (2# " 1) $ 1
'
1
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&
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(
2
x
+
.
" (2# " 1)2
which yields the basis for eqn (12)
!
+ 3)
+ 3)
Pi,(kj + 4 ) = Pi (k"1,+j3) + Pi (k+1,+j3) + Pi,(kj "1
+ Pi,(kj +1
+ (2 " 2! )Pi,(kj + 3)
2
+ 2)
+ 2)
" ! (! " 1) Pi (k"1,+j2) + Pi (k+1,+j2) + Pi,(kj "1
+ Pi,(kj +1

(

)

(

"

)

! (2! " 1) (k +1)
+1)
+1)
Pi "1, j + Pi (k+1,+1)j + Pi,(kj "1
+ Pi,(kj +1
" 2(2! " 1)(! " 1)Pi,(kj +1)
2
" (2! " 1)2 Pi,(kj )

(

)

Three-dimensional expressions: eqns (13), (14)
The derivations for three-dimensional link-line and link-resistor networks follow the same logical
steps. Since these involve (i,j,k) it might be useful to substitute the variable (n) in place of the
time index, (k). This should avoid any confusion with the use of k as the conventional spatial index
in the z-direction.

