On the numerical simulation of irreversible trapping processes by the Transmission Line
Matrix (TLM) method

Donard de Cogan*
ANC Education, 308 - 310 R.A. De Mel Mawatha, Colombo 3, Sri Lanka

*

donarddecogan@gmail.com

Abstract
This paper revisits the TLM modelling of processes involving irreversible trapping in a formal
way. The first case is the Burton-Cabrera-Frank model for crystallisation from solution. The
second is the Haynes-Shockley equation for minority carriers in a semiconductor. The TLM
scattering parameters as well as the initial response to current (signal) injection are investigated
as a function of scaling and clearly demonstrate a continuum between parabolic and hyperbolic
processes. The associated telegraphers' equations are analogous to that which leads to the
Heaviside distortionless condition.
redo above in light of this paper

1. Introduction
In previous papers [1, 2] the situation has been discussed where material is temporarily removed
from the diffusion/flux processes that might prevail in the system being modelled. In these cases
material is either returned in-toto after a fixed time interval or some material is returned to the
system during all subsequent time. These processes can be referred to as 'reversible trapping'.
This paper is concerned with the TLM modelling of irreversible trapping processes. There is
already a body of work dealing with the application of TLM to processes where material is
permanently removed from the medium. The purpose of this paper is to formalise what has
already been done and to put it into the context of the concepts presented in [1, 2].
The problem specific application of the TLM technique is adequately covered in those references
and will not be repeated here. The paper will start with an outline of the model for crystallisation
of material from solution at a vicinal step as described by the Burton, Cabrera, Frank (BCF)
equation [3]. References will be provided to the relationship between the physical and TLM
parameters. This will be followed by a consideration of the Haynes-Shockley experiment of
solid-state physics which describes the injection, drift/diffusion and decay of minority carriers in
a semiconductor [4]. This is a more complicated problem in that it is effectively an advection
equation with irreversible trapping.
The basic network component for trapping along with its associated scattering parameters will be
re-presented here and it will be shown how a minor change leads to irreversible trapping. As in
previous papers [1, 2], the consistency of the formulation will be considered in terms of how the
scattering parameters scale as discretisation is reduced from the macro to the micro-level. In [5,
6] the authors have shown how nodal temperature following an initial heat injection converges as
the modelling space is scaled. Using the same ideas for the case considered here the
concentration of species at an irreversible trapping node will be investigated as a function of
mesh scaling.
2. TLM schemes for the numerical solution of problems involving diffusion with loss
2.1 The Burton-Cabrera-Frank equation [3]
∂ 2 n ne
n
1 ∂n
The equation
(1)
2 + 2 (1+ σ ) − 2 =
∂x
λ
λ
D ∂t
describes the growth of crystal from solution, where n(x,t) is the local concentration of growth
units along a surface vicinal step, ne is the equilibrium concentration and σ is a measure of the
supersaturation in the bulk solution, D is the constant for diffusion along the surface and λ is the
mean diffusion distance of a growth unit adsorbed on the surface. In conventional BCF theory it
is more usual to express the entire problem in terms of supersaturations, so that at the surface we
have σs = (n - ne)/ne. Together with λ = Dτ where τ is the de-adsorbtion time, we can express
eqn (1) as
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The term ⎜ ⎟ above, represents the arrival of species from the bulk at the crystal surface.
⎝τ ⎠

In steady-state, the BCF equation becomes
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which is effectively a Poisson equation with recombination.

(3)

de Cogan and Rak [7] have drawn parallels between the TLM and finite difference methods for
treating eqn (3). It is known that the successive over-relaxation (finite difference) technique can
under circumstances lead to very rapid convergence [8] and it was shown that a similar situation
applies for TLM with both a source and a loss as in eqn (3) and the influence of the ratio of the
line resistor to loss resistor on convergence rate was investigated.
2.2 The Haynes Shockley Equation [4]
The Haynes Shockley equation expresses the diffusion, drift and recombination of minority
carriers in a semiconductor.
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This represents the space-time concentration of minority holes, p(x,t) in an n-type semiconductor, where D is the hole diffusion constant, µ is the hole mobility, E x is the electric field
and τ is the minority carrier lifetime. In the absence of a field this reduces to a diffusion with
loss.
The first serious attempts to model this using TLM was undertaken by Saleh, but published after
his death [9]. In their work the authors had to address two separate issues of which the first was
modelling the drift due to the applied field and the second was the question of recombination. In
order to create drift, they placed a current generator at each node. The conductance, gm of this
generator was a function of the difference in the potentials of the nodes on either side of the one
under consideration. The conductance was related to the drift velocity through the distributed
capacitance of the associated transmission line, Cd.
g
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The one-dimensional lossy transmission line had a resistor connected to ground in a
conformation that will be discussed later. The agreement between the TLM model and the
analytical solution was excellent, but of course, for the conditions that were used the Reynold's
Number was well within the 'von Neumann Stability Criterion'. The stability limits of TLM
models for advection/diffusion were assessed by Chakrabarti [10] who found that these were
significantly better than for the equivalent finite difference schemes. More recently O'Connor
[11, 12] has developed a TLM based drift-diffusion modelling technique which appears to be
unconditionally stable, but the theoretical basis for this stability remains unclear.

3 Trapping nodes
3.1 General reversible trapping node
Figure 1 shows the lossy stub that was used in models for diffusion with adsorption and trapping.
The stub-transmission line (ZS) introduces a time-delay, while the resistor (RS) provides another
degree of freedom in our attempt to develop micro-scale models for adsorption and for trapping
or removal (temporary/permanent trapping) at the micro-scale.

Figure 1 A one-dimensional lossy node (length Δx) with an open-circuit stub of length Δx/2 and
impedance ZS, which is in series with a resistor, RS.
Previous papers [1, 2] have developed expressions for the various TLM scattering parameters
which relate to the node at which lines join. These include ρLL the relative flux/concentration of
species travelling along the horizontal line that is reflected back along the line from whence it
came, τLL the relative flux/concentration of species that continues along the horizontal line after
the scattering event and τ LS the relative flux/concentration of species travelling along the
horizontal line that is transmitted into the stub. In the previous papers we also considered
material returned from the stub, but as we are considering irreversible trapping here, these will
be omitted. These parameters are summarised below in terms of the circuit components, R, Z, RS
and ZS. The subscripts 'I' and 'V' refer to flux and concentration respectively.
for voltage (concentration)

2R(RS + Z S ) + R 2 − Z 2
( ρ LL )V =
(R + Z )(R + Z + 2RS + 2Z S )
2Z(RS + Z S )
(τ LL )V =
(R + Z )(R + Z + 2RS + 2Z S )
2Z S
(τ LS )V =
(R + Z + 2RS + 2Z S )
and for current (flux)

(ρ LL ) I = (ρ LL )V
(τ LL ) I = (τ LL )V
(τ LS ) I =

2Z
(R + Z + 2RS + 2Z S )

(6a)

(6b)

3.2 Irreversible trapping node
Now, if we take the network in figure 1 and arrange for τSL to be zero (set ZS = 0) then we have
changed the model from one of trapping with trap emptying to one of trapping with no return.
The node now possesses a loss element (see figure 2), something that was implicit in the TLM
models for crystallisation and for the Haynes-Shockley equation cited above.

Figure 2 The basic TLM node for modelling diffusion with recombination.
If conditions of discretisation are chosen so that the wave term in the telegraph equation can be
ignored then we have parabolic equation with an added loss component. de Cogan et al [7] have
investigated accelerated TLM models for this equation in the limit as t → ∞, when this becomes
a representation of an equilibrium state

d 2φ φ
R
− 2 = 0 where λ 2 = Sd
2
dx
λ
Rd

(7)

Now the node in figure 2 effectively has ZS = 0. Accordingly, equation 6(a) and 6(b) become
2RRS + R 2 − Z 2
(R + Z )(R + Z + 2RS )
2ZRS
=
(R + Z )(R + Z + 2RS )

(ρ LL )V =
for voltage (concentration)

(τ LL )V

(8a)

(τ LS )V = 0

for current (flux)

(ρ LL ) I = (ρ LL )V
(τ LL ) I = (τ LL )V
(τ LS ) I =

(8b)

2Z
(R + Z + 2RS )

If we consider currents incident from the left and right iIL and iIR, then the total current (flux)
which is lost in the resistor is

2Z
(iIL + iIR )
(R + 2RS + Z )

(9)

It is then an easy matter to use ρ LL + τ LL + (τ LS ) I = 1 to show that flux is conserved and the total
flux reflected back into the transmission lines on either side of the shunt resistor is

(R + 2RS − Z ) i
( IL + iIR )
(R + 2RS + Z )

(10)

In estimating the energy lost through RS we use (9) and the nodal potential
2RS
φ node =
( iVL + iVR )
(R + 2RS + Z )
We can then show (but it is tedious) that the energy of the entire system is conserved.
4 Scaling effects in losssy nodes
4.1 Scaling of the scattering parameters
Given the expressions for line-line reflection and transmission and line-loss transmission
coefficients in (8a) and (8b) which correspond to a scaling factor S = 1 we can substitute for S =
n as follows:
1 Rd Δx
R
and RS → n Sd
R→
n 2
Δx
It is then easy to show that as n →∞ ρ LL → 0, τ LL → 1 and (τ LS ) I → 0
Additionally, the nodal potential, φ → iVL + iVR and current lost in resistor φ RS → 0
All of which is consistent with a physical problem at the microscopic scale.
4.2 The early-time response and the effects of scaling
Scaling of TLM meshes have been discussed previously [5, 6]. In the former case it was shown
how the conditions which lead to a Gaussian diffusion profile for heat flow could be reproduced
for any scaling factor from S = 1 (parabolic heat-flow) to S → ∞ (hyperbolic heat-flow). In the
second case the authors considered the early time-response of nodes next to a constant
temperature heat source as part of an elucidation of the nature of the initial condition in such
models. In the case considered here it will be advantageous to ignore losses in the first instance
and consider a single node which is connected to a current source such that at any time, k the
voltage signals from left and right which are incident on the node are augmented by potentials
which are appropriate to the sources. So, if we are considering a current, I which is applied
during Δt we would have (using electrical analogies)
Q = IΔt = CΔV for a node of unit area and length Δx we have C = Cd Δx
If the problem represented the injection from a heat source then C would represent the thermal
capacitance and we would have
Q = (Cd Δx ) ΔT where ΔT is the temperature rise due to the heat injection during Δt.

In a TLM model we have ρ =

R
1
1
=
=
R + Z 1+ Z R 1+ Δt (RC)

If we now use distributed parameters R = Rd Δx 2 and C = Cc Δx
Therefore
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It is convenient to start with a truly parabolic model where ρ = τ = 1 2

⎛ Δt ⎞
So for scaling S = 1 we have 2D ⎜ 2 ⎟ = 1
⎝ Δx ⎠
Scaling involves holding the propagation velocity Δx Δt constant
Thus if S = 3 Δx → Δx 3 and Δt → Δt 3 and so ρ = 1 4
and if S →∞ ρ → 0 and we have hyperbolic propagation
Now, coming back to the problem in this paper, if we have a current source at S = 1 and try to
replicate the problem at S = 3 then the single source, I must be replaced by three sources which
each inject I/9 during three successive time-steps.
So, if Δt → Δt 3 and I → I 9 then during Δt ' = Δt 3 charge Q/9 is injected at each node
And once again using an electrical analogy

Q
Δx
= Cd
ΔV
9
3

But since ΔV = Δ iVL + Δ iVR

1 ⎛1⎞
On the basis that Q =1 at S = 1 then at S = 3 we have Δ iVL = Δ iVR = ⎜ ⎟
2 ⎝ 3⎠
So in the three nodes (each of Δx ' = Δx 3 ) we have incident voltage pulses

VL = iVL + Δ iVL and iVR = iVR + Δ iVR during three successive time-steps
It should not be forgotten that during these three-time-steps signal will 'leak' into adjacent nodes
and this can be seen in the diagram, shown in figure 3 In the case of S = 3 it can be seen that
during three time-steps some signal which is injected at nodes, numbered 4, 5 and 6 will reach
nodes 2 and 8, but will not reach nodes 1 or 9.
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Figure 3 The case (S = 1) represents a node where we calculate the potential at the node centre
after a single time-step. When this node is scaled by a factor 3, then it is represented by nodes 4,
5 and 6 in the S = 3 diagram. Since signal will diffuse to left and right during three time-steps
(each of duration Δt/3), it is necessary to include adjacent nodes (1, 2, 3 and 7, 8 and 9)
Starting with Z = 1 and R = 1 then the effects of scaling are shown in figure 4. All data is fitted
into the same horizontal spatial axis corresponding to unit value of Δ x at S = 1 so that
comparisons can be made and we can see the extent of trespass into adjacent nodes when the first
time-step is scaled from a parabolic to a hyperbolic process.

Figure 4 The response of a lossless node to injection when subject to scaling. Points are • (S =
1), + (S = 3), × (S = 5), Δ (S = 7), solid line (S = 1001). The vertical axis is response relative to
the parabolic case (S = 1). The horizontal axis is spatial discretisation relative to Δx at S = 1.
The results which are presented above were obtained using an algorithm for trapping with Rs set
to a value corresponding to an open-circuit. Even when this was reduced to Rs = 100 the effects
of loss at the end of the first time-step for S = 1001 were sufficiently small as to be
indistinguishable from the lossless case. It was only when Rs was given values 10, 1 and 0.1 that
the effects of loss at early-time were noticeable (figure 5).

Figure 5 The effects of irreversible recombination under semi-hyperbolic conditions (S = 1001).
The solid line corresponds to no loss. The dotted line (Rs = 10), the chain-link line (Rs = 1), the
dashed line (Rs = 0.1). The vertical axis is response relative to the parabolic case (S = 1). The
horizontal axis is discretisation relative to Δx a
5. A telegraph equation with irreversible trapping
We can approach this in the manner that was adopted in [9]. If we use the ideas presented in
figure 6 we can write
∂V
∂i
(12)
= −Rd i − Ld
∂x
∂t

Figure 6 Equivalent electric circuit of TLM diffusion node with irreversible trapping element
Saleh et al. [9] worked in an era where people attempted to shoe-horn TLM into a diffusion
equation and therefore he made the assumption that Ld  Rd so that (12) could be
approximated by
∂V
(13)
= −Rd i
∂x
Today we make no such assumption and work with (12)

If we define a conductance GS = 1 / RS then Gd = GS / Δx
And hence we have

∂i
∂V
= −GdV − Cd
∂x
∂t

It is then easy to show that
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and
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Both approaches yield a telegraph equation which is consistent with the equation describing the
Heaviside 'distortionless cable' condition [13, 14].
We finally return to the two examples cited in section 2. In the work of Al-Zeben and Saleh [9]
the Haynes-Shockley minority carrier lifetime is related to the circuit elements of figure 6
through
C
τ= d
Gd
In [6] and [7] the mean distance which a particle in solution next to the crystal surface can travel
before being incorporated is related to the lifetime through the diffusion constant
λ 2 = Dτ
From which we deduce that
R
λ 2 = sd
Rd
which correlates with the changes of peak response at 'infinite' scaling as a function of Rs as
observed in figure 5.
6. Conclusions
Until now TLM algorithms which consider physical processes involving irreversible trapping
have been treated on a case-by-case basis. This paper has attempted to analyse the underlying
mechanisms in a formal way. The effects of scaling of the scattering parameters have been
assessed and, as in other work it has been shown that there is a continuum between macro
models amenable to a parabolic equation and micro-models where a hyperbolic equation is more
appropriate. The effect of scaling on the lossless early-time response to current injection has
been investigated by comparing the maximum nodal potential for a given scaling with the unit
response for a diffusion. It can be seen that there is significant diffusion into the adjacent regions
and that the maximum nodal potential as S becomes very large is approximately 68% of the
value at S = 1. For Rs ≥ 100R the incorporation of a loss element on the early time response is
almost negligible. A formal analysis of the equivalent electric circuit yields telegraph equations
which are entirely consistent with the equations that lead to the Heaviside distortionless
condition.
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