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Abstract
The numerical modelling of acoustic propagation in underwater environments using Transmission
Lines Matrix (TLM) has received little attention for some time. This has been due, in part, to the
need for an open boundary description, also known as a 'perfectly matched load' or PML.
Improvements in accuracy with stepwise approximations of real boundaries cannot be achieved
without the use of fine meshes which has a consequential computational overhead. This paper
describes a novel method for the incorporation of boundary-conforming Cartesian meshes into TLM
schemes for acoustic propagation. This and a related technique are compared using the Buckingham
and Tolstoy benchmark test.

Introduction
Modelling of underwater acoustic propagation follows the conventional approach of
• practical observations:
• mathematical equation which approximates observed behaviour:
• solve mathematical equation subject to initial/boundary conditions and assumptions
Analytical solutions are rarely possible and recourse is made to numerical methods. Even here it is
usual to take the underlying PDE and to solve it using techniques such as finite differences. It could
well be argued that such an approach involves two levels of approximation. Transmission Line
Matrix (TLM) represents an alternative approach in that the physical problem is modelled by an
electric circuit analogue which can be solved exactly. There is one approximation, the extent to
which the analogue matches the physical problem. What makes TLM different from other circuit
analogue techniques is the use of transmission lines. These have distributed electrical parameters
and as a consequence they introduce time-delay, so that both space and time are discretised. This
has the potential of permitting the modeller to treat each discrete position in space (node) in
isolation from all others at any instant in time on the basis that it takes the discretisation time
interval for information to be communicated between neighbours. The technique was originally
developed [1 Johns and Beurle] to solve propagation problems in electromagnetic waveguides.
Saleh and Blanchfield [2] applied it to acoustic propagation in air and the first applications in
underwater acoustics were reported by Coates et al [3]. This work was detailed by Willison [4]
whose PhD thesis included the first investigation using the Buckingham and Tolstoy benchmark test
[5]. Willison also highlighted some of the difficulties in the further exploitation of TLM in this
area. Chief amongst these was the numerical load which was imposed by the dispersive effects of
using a discretised mesh space. Further progress was unlikely unless a broad-band, perfectly
matched terminating boundary could be developed. Such problems had already been highlighted by
Arnold, Johns and Orme [6]. This issue has now been resolved [7]. Willison's PhD research had
originally intended to model the influence of surface condition on multi-path acoustic propagation in
a shallow water channel and copious experimental measurements had been made on the effect of
wave-height in the lake (broad) on the UEA Norwich campus. However, the scale of discretisation
that was required to 'accurately' model the water/air interface within a wave using a step-wise
approximation was prohibitive and there the matter rested.
In the interim several authors have looked at techniques for surface conforming meshes within TLM
numerical schemes. One of the major difficulties is the requirement for synchronous arrival of
signals, which at the least, requires that there is a distance Δx between nodes and a distance Δx/2
from a node to a boundary. The interface between meshed space and a real boundary cannot be
subjected to this restriction and at the present moment the scheme due to Beyer et al [8] is the most
successful, although it does have a computational overhead. This paper reports on an alternative
approach which does not involved the recursion that is inherent in the Beyer algorithm. These two
techniques are then compared using the Buckingham and Tolstoy wedge as a benchmark.
The paper will start with a brief resumé of transmission lines and an introduction to the TLM
numerical method. More detailed accounts can be found in the literature [9,10]. This will be
followed by a consideration of conventional TLM step-wise boundaries and a summary of the
surface conforming approach of Beyer et al [8]. We will then introduce our impedance
transformation approach and demonstrate how it compares using this challenging benchmark test.
Transmission lines and Transmission Line Matrix modelling
In describing transmission line behaviour there are many possible levels of abstraction. However,
in electrical analogue terms we treat them as having a string of inductances in series and a ladder of
capacitances in parallel. The former acts as a store of magnetic energy (kinetic energy in
mechanical terms), while the latter stores electrical energy (potential energy in mechanics). The

value of inductance is generally quoted per unit length as Ld, while the equivalent value of
capacitance per unit length is designated as Cd. The ratio Ld/Cd is a constant for given transmission
line of uniform constituents and geometry. The square root of this ratio is defined as the impedance
and is independent of length. The product of Ld and Cd has dimensions (time2-distance-2) and
indeed we can write an expression for the propagation velocity of a signal on a transmission line as
1
(1)
v=
Ld C d
If this is used together with the definition for impedance, we arrive at two very useful expressions
for the time, Δt it takes a signal to travel a specific distance, Δx as a function of one or other of the
line parameters
L Δx
(2)
Δt = Z Cd Δx or Δt = d
Z
Strictly speaking these are valid only as limiting relationships at low frequencies or long
wavelengths, but if Δx is one order of magnitude smaller than the shortest wavelength of interest,
they give good numerical accuracy.
So long as the impedance of a transmission line is uniform then signals in transit suffer no
attenuation or dispersion. However, if the impedance changes at some location, then there will be
reflections and transmissions. Thus, when an impulsive signal travelling on a line of impedance ZA
encounters a change of line impedance to ZB. this will cause part of the signal to be reflected and
part to be transmitted. The reflection coefficient is:
Z − ZA
(3)
ρ= B
ZB + ZA
This applies regardless of whether we are considering the voltage or the current component of the
signal. The treatment which is given here could be done for current or voltage pulses. In common
with most works on the subject we will used a voltage-based analysis. It will be for propagation in
two dimensions.
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Figure 1 intersecting pair of two-wire transmission lines
Note the use of the points of the compass which are used to designate direction. In figure 2 we see
a signal iVW, (voltage pulse incident from the west) and as it arrives at the node it sees three
impedances ahead of it. As it has no knowledge of their physical length, it assumes that they are
infinitely long and hence it sees a load impedance Z/3. Using eqn (3) we have the following
scattering parameters
Z −Z
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We see that ρ + 3τ = 1 and that ρ + 3τ2 = 1, the latter represents the conservation of energy
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Figure 2 a two-dimensional TLM node and its Thévenin equivalent circuit representation
At the same time as the signal is coming in from the west, there are other signals incident from
north, south and east. The potential at the node is then the sum of the currents divided by the sum
of the admittances

or

⎡ 2i VN 2i VS 2i VE 2i VW ⎤
+
+
+
I ⎢⎣ Z
Z
Z
Z ⎥⎦
∑
=
kφ(x,y) =
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N
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2

(5)

These then scatter and head off as scattered pulses. Thus what came in from the west is reflected to
the west and transmitted to the north, south and east. This is summarised as
⎛ sVN ⎞
⎛ −1 1 1 1⎞ ⎛ iVN ⎞
⎜ sV ⎟ 1 ⎜ 1 −1 1 1⎟ ⎜ iV ⎟
⎜ S⎟ = ⎜
⎟⎜ i S⎟
s
⎜ VE ⎟ 2 ⎜ 1 1 −1 1⎟ ⎜ VE ⎟
⎜s ⎟
⎜⎝ 1 1 1 −1⎟⎠ ⎜ iV ⎟
⎝ VW ⎠
⎝ W⎠
This is the Scattering Rule in our algorithm

(6)

Each pulse travels the discretisation distance Δ x during the discretisation time Δ t after which it
becomes an incident pulse at an adjacent node. The connections to other nodes as seen at node (x,y)
can be expressed in terms of space and time-step, k+1 as
i
s
(7)
k+1 VN(x,y) = k VS(x,y+1)
i
s
k+1 VS(x,y) = k VN(x,y-1)
i
s
k+1 VE(x,y) = k VW(x+1,y)
i
s
k+1 VW(x,y) = k VE(x-1,y)

This is the Incidence Rule in our algorithm

A TLM scheme comprises the repeated application of theses two rules for every node in our space.
Time advances by Δt every time we repeat this automaton. We can at any time, kΔt inspect the
potential at each node by using eqn (5).
In conventional TLM a boundary (ρ = 1 for rigid* and ρ = -1 for pressure release**) is placed at a
distance Δx/2 beyond the nearest node. A signal leaving the node travels during time Δt/2 where it
is reflected (in-phase for ρ = 1 and in anti-phase for ρ = -1). It then travels back to the node during
the remaining interval Δt/2, so that it arrives back at the same time as all other signals in the
network arrive at their destinations. This is fine so long as the boundary conforms to the Cartesian
mesh, as was the case in the model for an electromagnetic waveguide by Johns and Beurle [1].
However, if this is not the case, as in the sloped boundary of figure 3(a), then we must use a stepwise approximation as shown in figure 3(b).

Figure 3 a two dimensional assembly of the components in figure 1, viewed from above with (a) a
sloping boundary, (b) a step-wise approximation to the sloping boundary. The dashed lines show
the frontiers between nodes.

*

Sometimes called a 'mirror' boundary. Current/displacement is zero, voltage/pressure is maximum
In electrical terms the voltage at such a boundary is zero, and the current is maximum

**

While this representation is computationally cheap and removes the complexities often found in
other techniques which approximate the arbitrary boundaries of the mesh more closely, the errors
introduced by the stepped formulation can often lead to largely inaccurate results The alternative is
to use either local or general refinement of the mesh. Although this is an acceptable approach and
widely used, the memory and time requirements of the algorithm increase dramatically, often
causing the model to become unsolvable within reasonable computational time-scales
Figure 4 shows a bounding surface of the computation space crossing between the start and finish
points of the transmission line section, as the length lA is not an integer multiple of Δx / 2 this cannot
be included in the algorithm directly. For example, a signal travelling along the line of length lA will
reach the bounding surface and reflect back at a time less than (k + 1)Δt , where k is the current time
step. The same signal travelling along the line of length Δx / 2 will reach the bounding surface at
time (k + 1 / 2)Δt , reflecting back and reaching the node again at exactly (k + 1)Δt . As all signals
propagating in TLM must scatter and collect at all nodes at the same time, the system cannot be
modelled as it is currently shown. The section which follows will outline one of the best techniques
currently available for addressing this problem.

Figure 4 - Bounding wall at non-discrete multiple of models discretisation
2. Introduction to BMH conforming boundary technique
The technique due to Beyer et al [8], hereafter referred to as the BMH method suggests locating a
reference plane a distance Δx / 2 from the node. The arbitrary perfectly reflecting boundaries of the
mesh are then defined recursively as:
1−κ r
κ
( ρ k −1V r + k −1V i )
(8)
kV +
1+ κ
1+ κ
where k −1V i and k −1V r represent the incident and reflected (scattered) pulses at time k − 1
respectively. The reflection coefficient ρ , will be set at -1 for the purposes of this paper. κ is
Vi = ρ

k

defined to be 2l / Δx . This scheme takes a proportion of the incident and reflected pulses from the
previous time step and adds it to the current reflected pulse. While this formulation provides a
closer approximation to the bounding surfaces of the TLM mesh than a stepped approximation can,
it contains two shortfalls not inherent in the stepped description. One immediate problem is the
recursion that must be applied at every node at every time. The extra matrices that require storage
space, approximately double the memory requirements of the algorithm. While advanced techniques
can be utilised to reduce this memory ‘footprint’ the complexity of the algorithm is increased
further.

Inspection of figure 5 shows that the bounding surface crosses after the Δx / 2 line end. In the BMH
description this is the only crossing possible. This imposes a constraint on the exact formulation of
the mesh, requiring further information to be lost if the boundary crosses before Δx / 2 , which
requires the boundary adjacent node to be removed, extending the lines from the neighbouring
nodes to account for the missing node. Analysis of this situation is performed in [8], ensuring the
system remains stable. In the modelling performed in section 4 of this paper, we see that the missing
nodes do not appear to inhibit the results drastically.

Figure 5 - BMH model of non-discrete bounding wall placement

Figure 6 - Impedance of the line, including the termination as observed impedance from the
boundary adjacent node
3. Improved conforming boundary description
The description we propose to model the arbitrary placed boundaries of the TLM mesh, performs an
impedance transformation on transmission line segments of boundary adjacent nodes. The observer
looking ‘down’ the line facing away from the node is placed at the boundary adjacent node, thereby
removing the need for recursion, eliminating some of the problems of the BMH method while
obtaining results of considerable improvement. The impedance of a line of length lA and impedance
Z with a terminating impedance ZL is given from the point of view of the observer (figure 6) as

⎡ Z + Z tanh(β lA ) ⎤
Z obs = Z ⎢ L
⎥
⎣ Z + Z L tanh(β lA ) ⎦
where β = 2π / λ , ( λ is the wavelength)

(9)

Using the low-frequency approximation which is the cornerstone of TLM, the intrinsic impedance Z
of the line can be expressed in terms of the distributed capacitance as well as the spatial and
temporal discretisations of the model (Δx and Δt)
Δt / 2
Δt '
(10)
Z=
=
Cd Δx / 2 Cd lA
It can also be expressed in terms of Cd and Δt', the time it would take to traverse the line of length
lA to the boundary. This implies that we could replace the line of length lA with another line of
length Δx / 2 adjusting the impedance to compensate for the adjusted length, while causing the
signal to now arrive back at the node at an integer multiple of Δt / 2 . It is this impedance
transformation that is the basis of our approach.
For the case when ρ = 1 , (i.e. Z L → ∞ , a rigid boundary in acoustics), the formulation given in (9)
can be simplified, to give before and after transformation:

ZA
Z
or Z obs =
(11)
tanh( βΔx / 2)
tanh(β lA )
(line Δx / 2 of the transformed impedance, ZA appears identical to the observer at the node)

Z obs =

If we assume low frequencies within the mesh tanh( βΔx / 2) can be replaced with βΔx / 2 , giving:

Z obs =

ZA
βΔx / 2

(12)

equating the formulation before and after transformation in (11), and making the same assumption
of low frequencies, so tanh( βl A ) can be replaced with βl A , gives:

Z0
ZA
=
βl A βΔx / 2

(13a)

⎡ Δx ⎤
Z A = Z0 ⎢
⎥
⎣ 2l A ⎦

(13b)

rearranging this gives

If we undertake the same analysis for a pressure release boundary (i.e. Z L → 0 so that ρ = −1 ) eqn
(11) in the before and after transformation formulation gives:
(14)
Z obs = Z tanh(β lA ) or Z obs = Z A tanh( βΔx / 2)
Proceeding as before we obtain
⎡ 2l ⎤
Z A = Z0 ⎢ A ⎥
⎣ Δx ⎦

(15)

If the appropriate transformations for pressure release arbitrary boundaries at arbitrary locations
around a TLM mesh we will show that we can match well known analytical results. The scheme

provides an accurate description of the bounding walls of a TLM mesh, while ensuring that all
pulses within the computation space remain in synchronism with one another. This technique will be
termed uniform in the remainder of this paper.

Figure 7 - Coordinate system of Buckingham and Tolstoy acoustic wedge
4. Model Comparisons
4.1 Analytical solution
To test the viability of our proposal, the benchmark acoustic problem known as the Buckingham and
Tolstoy wedge [5] has been implemented. The model represents a 2D underwater continental slope,
with ideal pressure release boundaries at the air-sea and sea-soil interfaces. Figure 7 illustrates the
coordinate system used in the formula:

φ=

jπ ∞
(1)
∑ J v (kr< ) H v (kr> ) sin(vθ ) cos(vθ ' )
θ 0 m =1

(16)

where J v is the Bessel function of the first kind of order v, H v(1) is the Hankel function of the first
kind of order v, r< = min(r , r ' ) , r> = max(r , r ' ) and v = mπ / θ 0
to describe the acoustic wave evident within the wedge. In the implementation performed here the
summation is run to 100. In [5] an analysis is performed to ensure the results obtained are as
accurate as possible. The input frequency for the calculations performed here is set at 75Hz and the
source is placed at the mouth of the wedge (as shown in figure 7), the size of the wedge has been
adjusted to replicate those of [5] exactly. The speed of sound in water is set at 1500m/s. The
normalised field in the wedge is calculated using (16) as:
A=

φ
ζ (1)

(17)

where:

ζ ( R) = ( j / 4) H 0(1) (kR)
H

(1)
0

is the Hankel function of the first kind of order 0.

(18)

The results from [8] were replicated using (16 - 18) in order to provide a benchmark against which
to compare our three TLM simulations. Figure 8 shows the full 2D surface of the wedge while
figure 9 shows the transmission loss in dB as a function of range, calculated as:
TL = 20 log10 ( A)

(19)

Figure 8 - 2D surface plot showing modes propagating in underwater acoustic wedge environment,
analytical solution

Figure 8 - 2D surface plot showing modes propagating in underwater acoustic wedge environment,
analytical solution

As can be observed from figure 8, as the input signal propagates up towards the apex of the wedge,
the modes of the input signal begin to ‘strip off’, until only one mode is supported close to the apex.
This is illustrated more clearly in figure 9, showing how the transmission loss patterns contain rapid
spatial fluctuations closer to the mouth of the wedge (as the signal is composed of multiple modes),
stabilising to produce a smoothed pattern after 740m (were only one mode comprises the
transmission loss). As stated in [8] the depth of receivers (10 m in this case), is chosen to coincide
with the cut-off of the final mode, ensuring the receivers are outside the wedge when the water is
too shallow to support even the lowest order mode.
Due to the ‘brittleness’ of this benchmark it is not as widely used as one would expect. The
adjustment of the wedge dimensions and input frequency performed here is designed to match those
of [8] exactly. We found that if the dimensions or input are adjusted, only slightly, then the results
are changed considerably.
4.2 Stepped boundary model
The first numerical model that is presented is the stepped formulation that was described above.
We have used a boundary reflection coefficient ρ = -1 and have placed a sinusoidal continuouswave point-source halfway down the mouth of the wedge (identical to the analytical solution). The
resulting surface and transmission loss plots are shown in figures 10 and 11 respectively. As
expected these are largely inaccurate, with spatial fluctuations being observed in the transmission
loss patterns after the 740m cut-off of the three modes. These inaccuracies are raised due to the
stepwise nature of the sloping pressure release boundary, creating spurious waves opposing the
propagating wave. The perfectly matched load absorber (PML) in all the TLM solutions is placed
30 nodes away from the mouth of the wedge, this will reduce the effect on the propagating signal.
As the signal moves into the PML it will not reflect back, however due to this ‘perfect world’
formulation of the area we are not interested in modelling, the missing signal will have a small
effect on the propagating signal, by placing the PML a distance away from the source this effect is
reduced. The simulation has been run for 85,000 iterations (time steps) which allows the standing
waves to build up sufficiently for an analysis to be performed. Comparing the accuracy of this
stepped formulation with that of the analytical result of figure 9, gives a mean error of 0.305
(calculated as the mean of the absolute differences).

Figure 10 - 2D surface plot showing modes propagating in underwater acoustic wedge environment,
stepped TLM solution

Figure 11 - Transmission loss as function of range from source, stepped TLM solution
4.3 BMH model
In this set of experiments we repeated the simulation but defined the sloping boundary using the
recursive approach due to Beyer et at [8]. The results are shown in figures 12 and 13 respectively.
It is quite clear that there is a considerable improvement after the three modes are cut-off at 740m.
While the spatial fluctuations are still in phase with those of the stepped version, the amplitude of
each is greatly reduced, creating a pattern that matches the analytical result much more closely, in

fact the measured mean error was 0.260, a reduction of 14.75%. While this is greatly improved, the
computational load increases drastically due to the recursive nature of the boundary definitions.

Figure 12 - 2D surface plot showing modes propagating in underwater acoustic wedge environment,
Beye, Mueller and Hoefer [8] TLM solution

Figure 13 - Transmission loss as function of range from source in the BMH TLM solution

Figure 14 - 2D surface plot showing modes propagating in underwater acoustic wedge environment,
uniform TLM solution

Figure 15 - Transmission loss as function of range from source, uniform TLM solution
4.4 Uniform boundary model
Implementing the technique proposed in this paper, produces the results of figures 14 and 15
respectively. As can immediately be observed from the transmission loss in comparison to both the

stepped and BMH solutions, is the apparent lack of spatial fluctuations after the third mode is cutoff at 740m, in fact, ignoring the amplitude differences, the uniform results after 740m match those
of the analytical solution almost exactly. Computing the mean error as performed for the stepped
and BMH solutions, gives 0.167, a reduction of over 45% against the standard stepped solution and
almost 31% closer to the analytical solution than the BMH solution.

(a)

(b)

Figure 16 - a) Fourier Transform performed at node 12, 270 in an acoustic wedge (real components
of transform), b) Fourier Transform performed at node 12, 1040 in an acoustic wedge, where the
preferential filtering properties of the wedge are observed
As a final demonstration we have placed two sinusoidal inputs at the mouth of the wedge. The first
has a wavelength equivalent to 37.5 nodes(m) while the other has a wavelength of 12.5 nodes. This
clearly demonstrates the acoustic filtering properties of the wedge. It would be expected that a
signal comprising two frequencies (fundamental and third harmonic in this case) propagating
towards the apex of the wedge, would, due to the mode stripping nature of the wedge, have the
lower frequencies of the input signal cut-off earlier than the higher order frequencies (which
ultimately contain smaller wavelengths). This is shown in our last set of figures. Figure 16(a) shows
a the results of a Fourier Transform performed on the signal at node (12 down, 270 across), using a
sampling period of 10kHz, the two frequencies can clearly be identified. However, in figure 16(b)
(taken at node (12 down, 1040 across)), the fundamental frequency with wavelength 37.5 nodes has
been ‘stripped’, leaving only the third harmonic. While it would be expected the first harmonic is
‘stripped’ at a distance of 965 nodes into the wedge, as the three-modes of the third harmonic are
stripped at the same distance, the amplitude of the signal will increase at this distance, more than if
the single signal is input as before. This ‘stacking’ nature of the modes in the time domain appears
to affect the signal in the frequency domain, causing the first harmonic to propagate further than
expected.
5. Conclusion
In this paper we propose a novel solution to the placement of arbitrary boundaries of a TLM
numerical model. While other numerical techniques (finite differences for example) are able to
define arbitrary placed boundaries that do not fall on exact multiples of the models discretisation,

until recently TLM was lacking in this definition. However due to the enforced time discretisation
of TLM it does not suffer from the same paradox as some other techniques, for example, the finite
differences technique. As models of the wave equation within finite differences time domain
(FDTD) are defined using a Gaussian, the solution is valid from +∞ to -∞, however if the input is
placed at a single node, it cannot have a value (albeit a small one) at the +∞ and -∞ points of the
model, as this would imply the source has an infinite velocity. As TLM does not suffer from this
problem and is inherently discretised in nature before simulation begins, it retains the possibility of
a greater accuracy than FDTD if the boundaries can be defined within reasonable limits. In this
paper we propose a scheme that appears to solve this problem, allowing TLM to greatly improve its
scope of solvable physical problems.
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